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1, INTRODUCIION

Purpose and objectives of SSL

The purpose of the P606C Scientifie Subroutine Library is %o provide the nser who devel
ops his own application programs with a set of prewritten mathematical and statistical
library routines which can easily and automatically be incorperated into his work to build
a single program unit.

The routines are designed to solve the more common computational problems in mathematics
and statistics. .

The routines are free of input/output, allowing the programmer to use one routine, or more

routines in the sequence that fit his computational needs, and to apply them to the par-

ticular input/output structure requested by the problem.
How to use the Scientific Subroutine Library

The common characteristics of the routines of the Olivetti P6060 Scientific Subroutine Li-

brary are:

- +the routines do not imclude input/output statements, and operate on data already in

memory

- the routines do hot contain fixed maximum dimensioning for the data array on which they
operate

- the routinesare written in BASIC language and have the format of user defined functions

- generally the routines do not require the use of STRING or MAT options; a few cases in

which the MAT option is required are clearly signalled

- the routines arc stored in a user floppy disk, in the Package Library, each routine in
a single text file having a filename #SI followed by a mnemonic related with the ecom-

putational method

- the routines are documented uniformly; the use of each routine is illustrated by a sim

ple program containing input of data, routine call and print out of results.

Before calling the routine, the user must accomodate the data on which the routine has to

operate taking into account that data may be:

- single numerical variables:they can be used as function parameters, and the user may
choose the names he likes, and write these names as parameters of the functioen in the
calling statement

- numerical arrays (one or two dimensions}: in this case they are global variables for the

program and the routine and arrays must be dimensioned in the user program, declared

single or double precision as the problem requires, and must have tha same names
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used in the function. Wames commonly used are E, F, G, H.

The results of the routines may be:

only one simple numerical wvariable: in this case it will be given by the return value

of the function

more than one simple numerical variables or numerical arrays: in this case they will Le
global variables; the names commonly used are Pl, P2 ... Q1, Q2 ... for simple numeri-
cal variables , and E, F, G, H for arrays. These arrays must be dimensioned and declared

in the user program.

In order to build a BASIC program incorporating one or more routines of the P6060 SSL, the

user shouldwrite the main program taking into account the following rules:

the program must contain input and output statements using, for global variables, the

same names used in the routines
the program must contain the necessary DIM and DCL statements for the global arrays

the S5L routine is referenced, in the calling statement,by a user defined name FN
(letter) ....; the user may choose one of the 26 allowed names (FNA, FNB ... FNZ) to

be associated to a specifie SSL routine in the particular program

when several S$SL routines are incorporated in the same program, they must be associated to

different function names

the END statement (usually to be placed at line number 9999 : G099 END) must not he pPres

sent in the program.

The procedure to incorporate the SSL routines into the user program is:

switch on the system

load a system disk having some space to store the user program and the user disk contain

ing the SSL library
enter NEW, then enter the main program
enter the LINK command for the first called SSL routine, with the format:

LINK filename, letter
when filename is the name of the file in which the routine is stored : #SL...

letter is the letter used in the main program to reference the routine FN (letter)

enter the LINK command for each of the other SSL routines called, if any, specifying for
each routine the corresponding filename and letter. In the case of calling SSL routines .
stored in different user disks, after having linked the routines of the present disk
enter the command DCHANGE U, then load another SSi floppy disk, press COKTINUE and go

on entering the necessary LINK commands
enter the END statement {usually : 90609 END)

save the program on the system disk,
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After the linking procedure is completed, the S5L floppy disk may be removed from the By
tem and filed. The linked S3L routines are compiled together with the calling program lead
ingto a program unit which will reside similtaneously in the memory, and may be run, listed,
modifiied, saved as any other user program.

The documentation of each 33L routines provides both the information relevant to the used
cemputational method, and the information necessary for a correct use of the rouline it-
self .

The listing of the routine is included, for possible modifications.

The routines are referenced by the name of the files in which they are stored, that name
beginning with the prefix *SL,

The following structure is used in the SSL documentation:
Subroutine's name *Sl.,...

Title (Subroutinets title)

Purpose (A brief description of the subroutine's purpose

and features)

Method (The used formula, or a brief description of the

algorithm or method used)
Calling statement F = FNZ {list of function parameters)
Parameters (The parameters are listed with their meaning)

Global variables:
- input {The program variables on whose values the subroutine
operates are listed, with their meaning, specifying

if arrays, one or two dimensions, or simple variables)

- returned (The program variables whose values are set or modifi-
ed by the subroutine are listed, with their meaning

and dimensions)

Status value (List of the possible values returned by the function,
with their meaning: in general @ means OK, an integer

> ¢ means error)
Listing {(Listing of the subroutine)

Example of use (A listing of a simple program showing the use of the
subroutine, consisting of an input routine, one or
more subroutines calls, and a print out routine; the
listing is made before the subroutine’s insertion by
means of LINK command,

Then the used LINK command is shown, and a sample run

of the program, with typical input data, follows.)
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2, GENTRATION

GF FUNCUTIUNS

Elementary Functions {real)

*SLATNZ2

*SLCONV

#SLRPCC

#¥SLPRCC

Arctangent of a ratio

Reduction of an angle to the first guadrant

Rectangular to polar coordinates conversion

Polar to rectangular coordinates conversion

Elementary Functions (complex)

*SLCSIN
#SLCCOS
¥5SLCTAN
*SLCSTH
#SLCCOH
*SLOTNH
#SLCLN

®SLCEXP
*51.CRZ

#BLEZMZ
#*SLCZDZ
#SLLCSQR
#SLCZN

*SLCZA

Polynomials

#SLPLCC
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Sine of a complex number

Cosine of a complex number

Tangent of a complex number

Hyperbolic sine of a complex number
Hyperbolic cosine of a complex number
Hyperbolic tangent of a complex number
Katural logarithm of a complex number
Exponential of a complex number
Reciprocal of a complex number
Multiplication of two complex numbers
Division of twe complex numbers
Square root of a complex number
Integral power of a complex number (ZN recurrence)

Real power of a complex number

Evaluation of complex polynomials (compl.arguments)

2

2.47

2,51

2.55



*SLPRLC

#SI.PLRR

#*SLPRRR

*3L.COCC

Evaluation of real polynomials {compl.argument}

Evaluation of real polynomials {real argument)

Calculating the coefficient of a polyaomial

from the roots

Calculating 1he coefficient of a complex polynomial

from roots

Higher mathematical functions

*SLEMF

#SLKMF

*SLLAGG

#SLHNF

#SLHEN

¥SLFOUR

*SLYGAM

*SLGAMA

*SLBER

*SLBEI

*SLERF

#SLBIN

*SLBES1

*SLBES2

*3ESINX

#SLIIPX

#SLSF

#SLCF

*SLLEGL

Complete elliptic integral of second kind
Complete elliptic integral of first kind
Generalized Laguerre polynomial Léa) (x)
Hermite polynomial H, {x)

Hermite polynomial He, (x)

Evaluation of Fourier series

Tncomplete gamma function. (a,x)

Gamma function

Kelvin function ber {x) of zero order

Kelvin function bei {(x)} of zero order

Error function erf (x)

Bessel~function of integer order J,(x}
Spherical Bessel-function of first kind j, (x)
Spherical Bessel-function of second kind y,(x)
Mdofied spherical Bessel-function of first kind Io(x)
Definite integral of the Bessel-function I {x}
Fresnel integral 5 {x)

Fresnel integral C (x}

Assoniated Legendre function of first kind P, (x)

2.61

2.65

2.67

2.69

2.7

2.73

2,75

2.77

2,81

2,87

2.89

2.91

2.93

2.95

2.97

2,969

2.101

3973570 G



*SLLEG2

*SLCHYF

*3LGHYP

*BLBIF

¥SLCINF

*SLETF

*SLEINF
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Associated Legendre function of second kind Qpix}
Confluent hypergeometric function

Gauss Sypergeometric function

Sine integral Si (x)

Cosine integral Cin (x)

Exponential integral Ei (x)

Exponential integral Ein {x}

2,103

[
-
]
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2,107
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.109
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~SLATN2

Title Arctangent of a ratio

Purpose To compute the arctangent of a ratic of two real numbers y/x
in the range (wﬂKnJ

Calling Statement F = FNZ (X, T

Parameters X denominator

Y numerator

Global variables None
Function value The arctangent of y/x
Listing

OLE «3LATH2
LI=T
FILE *SLRTHZ

T
T M v

cOTo 22
LET T=T+PF
SaTH 2

LTI RP T
LET FiH#=T

FHEND

END OF LISTING

3973570 G
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Example of use

2,6

OLD RUATMZ

LI=T

FILE FUaTHz

BEtd DISP VEMTER X AHD Y'Y

BRZAa IMPUT .Y

B8 FRINT

BRGE PRINT V=" 2, vy="y

g5 PRINT “arcrtangent=",FHQ (L, Y}
pAane L0700 13

EMD OF LISTIMG

LIMK «SLATH2. A

3393 EMD

R

wkawe FORMRLLY CORRECT PROGRHM &%k

K= B Y= B8
arctansents= o

K= 1 v= 4

x= 1 r=-1
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Title

Purpose

Calling Statement

Parameters

Global variables

Function value

Listing

OLD *SLoony
LIST

~SLCONY

Reduction of an angle to the first guadrant

To reduce an angle {measured in radians) to the ranse (-7 =)
F = FNZ (T)
T = angle (radians}

None

The resultant value of the angle

#5L U0

LEF FMALTIPZ

LET Fi=PI#2

LET T=T-INT(T P21%P2
IF T3F1 THEM Ta

IF TZ=-%1 THEMN 7a
GUTO 2n

LET T=T-T-T*P2

LET FH%x=T

FHEHD

OF LISTING
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Example of use

2,8

COMGUEY L UTRANAFORMED ANGLE"
EMTER aMLE C(radiansi

GT T

T

FEINT T FNALTS

A
QAL G570 29

EHD CF LISTING

LIMK «SLCONY. A
IEGE END
L

#wd s FORMALLY CORRECT PROGRAM wes*

ANGLE TERNSFORMED AMNGLE
9 1
2 Z

EAC T T I ey T4 15838%

-3.15 3. 12342573

~F. -1, 63 1eb93E-07
=] 1. R31E930 -4

*SLOONY
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Title

Purpose

Method

Calling Statement

Parameters

Global wariables

returnad

Status value

Listing

LD w5 RPCD

FILE *LLRPLC

LET P=
= IF 4
LET

FHEMD

EHEG GF LIATIHG

3973570 G

 GEF FRElx

IF %28 THEN
IF ¥>=a THEMN 15
LET Q=a-FI

COTO 24

2 LET @=n+pI

GaTd 24
LET @=SGMIYI=Pl-2
LET FM*=2

*SLRPGC

Rectangular to polar coordinates conversion

To cenvert a complex number from rectangular to polar

coordinates

Modulus =i x "+ y*-

phase d= abn (“:‘)

F = FNZ (x,¥)

X real part of the complex number
Y imaginary part

P moduius

Q phase -m<a< )

#

24
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FSLRPLC

Example of use

OLD RURPCET
LIST
FILE RURPLCC

AutE DISP UEMTER X AND Y5
WEZR FPRIMT

AR INPUT x,%

BE4@ PRINT "X=' X" r=",Y
A58 LET Z=FNRYR.v)

BYEE PRIMT "RO=";F."TETH=";R
23978 G070 19

E0iD OF LISTING

LINK *«SERPCC.A
9933 EMD

RN
whww FORMGLLY CORRECT PROGROM xwors

K= Y=-d
RO= 1.4142136 TETA=-2.3561945

H= ot ¥= B
RO= 1 TETA= &
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Title

Purpose

Method

Calling sfatement

Parameters

Global variables

returned

Status value

*SLPRCC

Pelar to rectangular coordinates conversion

To convert a complex number from polar to rectangular

coordinates

x = ¢ o5

% = @ Aun

F = FNZ (R, T)

R = modulus of the complex number
T = phase

Pl real part

P2 imaginary part

#

Listing
FILe #SLFRCC
GRGED2 DEF FHACR.TY
aaa P =R=C05(T)
SERE PE=R*SIHITI
Bags FH&=a
3518 FHEND

EMD OF LISTING
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ESLPRCG

Example of use

LISTY
FILE RUFRCT
Hitta POVEMTER RO AMD TETA'S

oIz
RG26 FRINT
GE30 INFUT R T
FRINT “RO=';R;"TETA=":T
: LET Z=FHS3 (R, T)
PRINT "A='pq; 'r=",p2
GOTO 19

EMD GF LISTING

LIHE #3LFRCC,A
3393 END
R :

#44x FORMALLY CORRECT PROGRAM wsx#

FO= 1333 TETG= 2368
R=—TZB. 45312 ¥=~371.43299

Fd= 5 TETA= 9

A= 5 Y= @
RO= & TETH= A
¥= g ¥Y= B

mG= 8 TETA= 25
X= 3 = @

212 3973570 G



Title

Purpose

Method

Calling Statement

Parameters

Global variables:

returned

3973570 G

Sine of a complex number

To compute the sine of a complex number,
in rectangular or in polar coordinates,

a complex number expressed in the same

the argument

a) Rectangular coordinates

Sin Z = sin (x + iy) =

)

b) polar coordinates

0 = V%(\ws?»(ij)— cos(2x))

&= anclon (uﬂx fﬁfii)

S cosh Y

sin {x)} cosh {y} + 1 sinh {y) cos (x)

Y -y Y ~-Y
sin (x) [e—~‘;—°—] + i cos (x) [Emg-—-f-——:,

+SLCSIN

expressed either
The results are

coordinates as

F = FNA (T, X, Y)
T = +type of coordinates: = 0 rectangular
=1 polar
X, Y coordinates:
for T =0 X = real part
Y = imagihary part
for T =1 X = modulus
Y = phase
P, ¢ results:
for T =0 P = real part of the sine
Q = imaginary part of the

sine

2.13



for T =1 P = modulus of the sine
@ = phase of the sine
Status value ¢
Other functions called : ¥SLANT2 wused as FNZ

Listing

2,14

oLD
LIAT
FILE

a8z
aniss
[2]5253)
a3
a6 13
@12
A 1a
aa s
a3
agza
Qa2
aaz4

#SLCSIN

#5LCSIN

DEF FHALCT.X.¥¥6.B

IF T THEHN «i4

LET A=EXPEY]

LET P=5THCE) & [G+1-01 /2

LET G=CO0S(RI=IG—-1.-03 -2

GOTo 7272

LET A=XK&«C351Y]

LET B2EXF CX4&SIMNIYIS

LET P=SRE{IB+E+1- (B8 1r4-C05(24R) 2]
LET @=FNZISINTAI*(E+4-/8) . COSIRI*(B-1-B813
LET Flis=g

FRTHE

EnD OF LISTING

#SLOSIN

3073570 G



Example of use

OLI: RUCSIN
LI=ST

FILE FUCSIN

gR1@ OISP TEHMTLR W=RECTANGULRR GF 1=FOLAR 'S5

anzEg INPUT T

AAZE IF T=1 THEH 7@

Qasa SPOCENTER 2 AND Y';

ansg T P

g@es GATO 9@

Be7E DISP "EMTER RO AND TETR";

aaaa IHPUT 2. ¥

BASR PRINT

G183 FRIHT “T='"17.

G112 FRIMT “alfa ="INGY

@139 LET Z=FHALT.X.7¥}

2158 FRINT YSING 176.F,Q

giea SOTO 12

FIPG 0 SINCE1F3) = G4, PEENBERSHRERE YR, REHBUSBRBRRED

ENMD OF LISYING

LIMK *SLCSIMN.A

LIMK *SLATHZ2,Z

3373 EHD

RitH

kack FORMALLY CORRECT PROGRAN w44

T= @ al¥a = ,3Z3583875 @

SInfslsa) = LHRosEBEs 331248 d. 8800800330288
T= & slea = 57359373 A

SiMtalea) = . 7715483232383 1.8177530356669
T= O 31¢a = @ 1

SIN{alfal = 9, 00Eeasaasas 1. 1752811336430
T= 1 EMES-] = B 0

SIMCalfa) = B, 9080588080308 g, 08040608082
T= 1 alfa = ,523549873 @

SINCalf3) = G.SR00ARAB36125 (Al EErsi fapigalagaisio e
T= A alvs = 19 5]

LZIMCai¥a) = B.84 147938423832 8. 88533a0R086D

3973570 G
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-SLCCOS

Title Cosine of a complex number

Purpose To compute the cosine of a complex number; both the
argument and the results can be expressed either in

rectangular or in polar ceoordinates

Method a) Rectangular coordinates

cos Z = cos (x + iy) =

il

cos (x)} cosh {y) - i sin {x) sinh (y)

Y =Y -y ¥
cos (x) [9—"%“‘“6-“:,4' i sin (x) [e—“";““‘“—e_]

b) polar coordinates

Il

R = ]/";—(cmk (2%)— ws(?:r.))

&= oaxiOnm(fﬁnx 3fﬁli)

otz 0059\,\3
Calling Statement F = FNA (T, X, Y)
Parameters T = +type of coordinates: T =0 rectangular

T =1 polar

X, Y coordinates:

for T =0 X = real part

Y = imaginary part

for T =1 X = modulus
Y = phase
Global variables
returned P, 0 results
for T = 0O P = real part of the cosine
Q= imaginéry part of the cosine

for T modulus of the cosine

]
[,
~

1l

Q = phase of the cosine

3973570 G 2.1%




Status value o)

Other functions called: #*SLATN2 used as

Listing

OLD #LLED0S
LIST
FILE ®5SLCCAS

9e5z DEF FHALT. X, ¥IR. 6

gaa4 IF T3 THEN 14

Gaas LET #=EXPIY)

BEE3 LET F=COSCXI4«(R+1/A1 /2
BB18 LET G=5INLRI=C1/7A-A)~2
8812 GOTOQ Z2

814 LET A=KxC35(Y]

2216 LET B=EXP{X+3IN{Y])

FNZ

813 LET F=34R E(R*B+1/(B#B) ] -4+C05 (2%A3 223
8828 LET QA=FMZ{COS(RI«(E+1-B),SINCRI*(1-B-8B33

BB22 LET FH#*=8
@24 FHEMND

END OF LISTING

Example of use

OLD RUCCHOS
LISY
FILE RUCELQS

6018 DISF "ENTER @=RECTANGULAR OR 1=POLAR *;

gaze INPUT T

ea3a IF T=1 THEN 7@

g@ad DISF “"ENTER X &ND Y,
aasa IMpuT K, ¥

2ged GOTU 99

@ara nIsP "ENTER RO AND TETA'Y;
B33 IHPUT XY

RASE PRINT

Bgiga FRINT "T=",T,

3114 FPRIMT “al+éa =i
138 LET Z=FHALT.X.Y)

8158 FRINT USING 178.P.0

816a GOTO 1@

8179 © COSCalfa) = {4 4444540404848

EMD OF LISTINMG

LIMNK *5| CCOS.A
LIMK *SLATHZ, Z

9939 END

RLEH

*akk FORMALLY CORRECT FROGRAM #édxk

T= & 3l¥a =a @
COS5751f53 = 1, @00EaeaR05E3

T= & a1¥3 = .1 5]
Casfalfa) = B.995884 1652738

T= 1 alfa = .1 @
COn(alfa) = B.935664 1652786
T=_1 alfa = .7
COaCalfal = W, 7643421872837

2.18

(208 2222 ]

9. 0Bg0naaug0ean

8. BasaRHBRaneB R

6. 8ER80083093838

FELOCOS

3973570 G



Title

Purpose

Method

Calling Statement

Parameters

Global variables

returned

Status value

3973570 G

*SLGTAN

Tangent of a complex number

To compute the tangent of a complex number; both the
argument and the results can be expressed in rectan-

gular or in polar ccoordinates

a) Rectangular coordinates:

tan {z) = tan (x + iy) =
Am [ 2%) Lo, Amh(29)
T eoslex)a cosh(24) wos{2%) + cosh(24)

b) polar coordinates:

_ tosh (By) - cos(z x)

¢ =
cosh (2y) + cos{2x)
waJL(Z%))
4= arclom (AA/?\..(Z-);)
F = FNA (T, X, Y)
T = +type of coordinates: T = 0 rectangular
T =1 polar
X, ¥ coordinates:
for T =20 X = real part
= imaginary part
for T =1 = modulus
Y = phase

P, 0 results

for T =0 P = real part of the tangent

Q = imaginary part of the tangent
for T =1 = modulus of the tangent

Q = phase of the tangent
g

2.19



Other functions called:

Listing

5T
FILE &

 DEF

LET
LET

i® LET
LET
LET
LET
LET
LET
FHMEHN
EHD OF LT

#SLATNZ used as

SLOTEH

FHRLT.A,YIR.B

IF T<»@ THEM .13

COS LRI+ +1rY) 42
F=SIH {43 -0
G=0Y-1s77 2 (2%A7

GCoTo 29

R=24X*C050Y]

B=ERE (2#X*SINIYI)

LGRE:

PESAR CCCB+Y) #2-C05001) / C(B+
B=FNZESINLAY , (B-T]/2)

FHu=q

D

STING

Example for use

E%QTRUCTR
FILE

aatg ISP

43w IF T
883 DISP
Basa ITHPLU
aane COTO
aarve DISP
a8 IRy

N
RUTTAN

FNZ

¥)-2+C0S(RI1D

YENTER 8=RECTANGULAR QR 1=POLRF '
Baze INPUT T

=1 THEN 7@

"ENTER X AND Y™,
T &,Y

L]

YENTER RO AND TETR™;
T R.%

aaxa FRINT
@168 PRINT “T=";T,

g1i1a PRIN
at13a LET

H1589 PRIN
S1ELG G070
2174 TA

END OF LI

LIMK #5002
LIMK #SLR

THAN {31 +a

T= &
TRM(al fa

T= 1
TEN (313

T= 1
TRM{al+a

T “alfas =R
SEFMEIT. X, Y]
T USING 17B.F,Q

14
HLalfal) = JE.4400KE0RBHGHS
STING
TR R
THZ . 2
HLLY CORRECT PRCSRAM shds
R = 1 E]
3= 1. 5572077246570
ES -] =1 1
1l = G.2717525853134
21 ¥a =1 4
] o= PR 5 g E TR N

1 =
4

XY EEEEEE T2

#SLCTAN

3973570 G



«SLECSHH

Title Hyperbolic sine of a complex number

Purpose To compute the hyperbolic sine of a complex number; both
the argument and the results can be expressed either in

rectangular or in polar coordinates

Method Sinh (x + iy) = sinh x cos ¥y + i cosh x sin y

e = Vf?j (COSHM)— cD&(Z‘;j))

cosh = Alm
4 = arclom (_—_—i)
Aunﬁx.xﬁa
Calling Statement F = FNA {T,X,Y)

il
i

Parameters T type of coordinates: 0 rectangular

T =1 polar
X, Y coordinates:

for T = 0 "X = real part

= imaginary part

for T =1 X = modulus
Y = phase
Global wvariables
returned P, 0 results
for T =0 P = real part of the hyperbolic sine
Q = imaginary part of the hyperbolic sine
for T =1 P = modulus of the hyperbolic sine
Q = phase of the hyperbolic sine
Status value @

Other functions called: *#SLATN2 used as FNZ

3973570 & 2,21



Listing

OLD
LIZT
FILE

BBYe
alaacd)
fasa
g1aa
119
w23

EMD

*LLCSIH

*#SLCSTH

[}

DEF FHRCT.®¥.¥If.B
IF T<>@ THEM 72

LET A=EXF (X

LET P=COSEY) % (R-1-A1-2

LET O=SIMCYI#(A+1-A1./2

GOTO 11@

LET E=EXP [(X#COS5 (Y1)

LET SIHCYD

LET [ CEE+ 1, (B#B) - 4-00% (20A1,2]

LET SLCOSCRI*IE-1-R), SIH(AY# tB+1-EB1)
LET FHM&=8
FHEND

OF LISTIHG

Example of use

LIST
FILE

aatg
aaza
HO38
8044
@853
a@ee
8ava
@223
agan
2169
ai18
B120
3158
g1e@
a179

END

RUCZIH

DISF "ENTER G=RECTRHGULRR OR A=FCLAR 'i
INFUT T
IF T=1 THEN Va2
DISP "ENTER ® AMD Y
INPUT .Y
GOTO 36
DISP "ENTER RO AMD TETA"™;
IHPUT X.Y
PRINT
FRINT "T=",T,
PRINT “alfa =" 1KY
LET Z=FHRLT.X,¥3
FRINT USING 17@,P:0
COTG 10
SIHHEa1 Fa) = GH. B4asHEadsded #i_BanudhatdEsus

OF LISTING

LIMK *SLECSIH.G

LIMK #=SLATHZ2.2

929% ENE

R

##x%k FORMALLY CORPECT PROGEAM #w#

T= & ERRE =@ @

SINHCalfa) = 8.0698830809408 B, BRBPRIRRLT0EE
= @a al¥a

SIMH(&1fa)

T= 9

SINH{al fa}

T= 1

SIMHCal 31 =

L}

1.1752819192

alfa
2. 008030048

*SLOSTH

3973570 G



+SLCCOH

Title Hyperbolic cosine of a complex number

Purpose To compute the hyperbolic cosine of a complex number,
both the arguments and the results can be expressed

either in rectangulaxr or in polar coordinates

Method cosh (x + iy) = cosh X cos ¥y + i sinh x sin ¥

¢ = V%(cm?»(?x)+wﬁ(2té))

covh . cos Y
Calling Statement F = FNA (T,X,Y)

It

Parameters type of coordinates: 0 rectangular

"M
fl

H

1 polar
X, Y coordinates:

for T =0 X = real part

Y = imaginary part

for T = 1 X = modulus
Y = phase
Global variables
returned P, 0§ results
for T =0 P = real part of the hyperbolic cosine
@ = imaginary part of the hyperbolic cosine
for T =1 P = modulus of the hyperbolic cosine
0 = phase of the hyperbolic cosine
Status value ¢

Other functions called: #SLATN2Z used as. FNZ

3073570 G 2.23



*SLCCOH

Listing

QLD #«SLCC0OH

LIST

FILE wSLCO0H

J
AR ANE AT
POr A CH- o RY 2
GOTO
LET & EE M N o O]
LET o 3

LET B+ 1 TE#EID <4+ AN ST
LET (AY* (E+1-B1, SIHIAT« (B-1-B1])
LET
FHEND

END OF LISTING

Example of use

OLD RUCCOH
LIST
FILE REUCCOH

aa1y DISF VENTER @=RECTAHGULAR OR f=POLAR "'
|8aza INPUT T

gp3a IF T=1 THEHN 7@

aasg DISP "EMTER ® AMD Y5

BHSE INPUT X, Y

A3ED GOTo 93
pave LGISF YEHTER BO AHD TETA™
grza INFUT KLY

aasg FRINT

a1as FRINT "T="T.

@118 FRINHT "alfa ERE A

@136 LET Z=FHALT.¥.Y)
BTS00 FRINT USING 178.F. 8
1 GOTO 14
COSHCaI a1 = H4. FddHHddda4848 EENE S EE LT EL 2T

END BF LISTING.

LIME #ZLC00H. 6

LIMK *®SLATHZ.Z

AT ENHD

UM RUH

#dds FORMALLY CORRECT FPROGEAM #%wk

T

= B
COSHial fa)

T= @
COSHCal £3)

#

T= @
COSHCaL+a)

I

T= 1
COSH(31¢a) =

0o
224 397357



Title

Purpose

Method

Calling Statement

Parameters

Global variables

returned

Status value

Other functions called:

3973570 G

*SLCTNH

Hyperbolic tangent of a complex number

To compute the hyperbolic tangent of a complex number, both
the argument and the results can be expressed in rectangular

or in pelar coordinates

(s iy) = Amh (2) Al (2y)
lamh P Cosh(2x) + coslzy) cosh {2.x)+ cosfey)
eosh. (2x) - (,06(21)
o =
cosh (22)+ cos(2y)
Adn, (2
o aton (2000
Amb (24
F = FNA (T, X, Y}
T = type of coordinates: T =0 rectangular
T =1 polar

X, Y coordinates:
for T = Q X = real part

Y = imaginary part
for T =1 X = modulus

Y = phase
P, 9 resulis
for T =0 P = real part of the hyperbolic tangent

Q = imaginary of the hyperbolic tangent
for T =1 P = modulus of the hyperbolic tangent

Q = phase of the hyperbolic tangent
g

*SLATN2 used as FNZ



Listing

OLL #5LET
LIET
FILE *

AR
A

AT
S

i

GNTO
LET
LET
GBIt LET
28429 LET
a1Ie LET
#tep LET
8158 FHEd

DD
wa T T AT A

n

EMND OF LI

Example of use

MH

SLCTHH

-1

THROPT <R

Ve

F=SOR R+ 7Y 72-COS 0B ) < £ CA+YI ~2+COS (BT 13
B=FHZ L {RA-T3 /2. ZIN(EY)

FHs=2

L

ATING

LD RUCTHH

LIST
FiLe

ag1a DISP

RUCTHR

"ENTER G=PECTANGULAR OR 1=PRLAR ",

2aza IMFUT T
839 IF T=1 THEM 7d&

a@asp DISP

"EHTER W RMD YT

a@se IHPuT X, v
gdnE LO0TO 93

BA7E DIsP

"ENTER PQ AMD TETR';

BASE INFUT X, ¥
B399 PRINT

g16a PRIMN
2118 FFIN
B1Z8 LET
9t58 PRIN

Ataa GOTG
a17a TRAHHC21 £33 = ##.8R68488884844

EHD OF LI

LIMK #SLC

ToNT=TT,
T 313 =G
TEFHRLT. X, )
T UZIHG 178,¢.0
19

STING

THH. A

LIME #5LRTHZ.Z

9933 END
RUN

¥4k FORMALLY CORRECT PROGRAM #kskk

= 8

TRMHH (a1 Fal

= E.

#lFa =8 B
. ORAREAX8ARARE

HE _AHHEBERUd S AT

2. 0800063380303

TaMH (a1 3l

T= @
TAMH (31 32

T= 8
TANH (=1 fa}

bk e ok kR R R

al¥a = 1.4147 73
§.9938369631955 @1

#SLCTNH

3973570 G



*SLCLN

Title Natural logarithm of a complex number

Purpose . To compute the natural logarithm of a complex number; both
the argument and the results can be expressed either in

rectangular or in polar coordinates

Eog(z)=3a}(ac4ll\j}= 103“/?6‘432) + L o.x.d:am.{%)

Method
i 2 2
¢ = Ioya'= ilogl2le] .V (g 2P +0
= et ]
Calling Statement F = FNA (T, X, Y)
Parameters T = +type of coordinates: T = 0 rectangular
T =1 polar

X, Y coordinates:

for T = 0 X = real part

Y = imaginary part

for T =1 X = modulus
Y = phase
Glecbal wvariables
returned P, O results:
for T=20 P = real part of logarithm
Q0 = imaginary part of logarithm
for T =1 P = modulus of logarithm
Q = shase of logarithm
Status value g

Other function called: #SLATN2 used as FNZ

3973570 G ' 2,27



#S1LCLN

Listing
oLk #3LCLN
LIST
FILe #SLOLH

BaEez DEF FMACT.®. 7]

Bogd IF T4 :B THEN 12
9Ras LET P=LO305a8
BEEE LET G=fHZ .Y

8913 GOTo
g4z LET »
aa1d LET
gdtn LET
o815 LET
8928 FHEND

EMD OF LISTING

Example of use

[ L L IR

O T G G o

LW

pURWCRN el U O R SO I

oy
CED TELT OO b €F (T okd T et e Y

tea et oma e G UD EN Ca &

TR ) ea £ D (0
'

o

BH. . HdndREudbEhassy

oo
&
-

2,28 3973570 G



*SLCEXP

Title Exponential of a complex number

Purpose Te compute the exponential of a complex number; both
the argument and the results can be expressed in rectangular
or in polar coordinates

[

Method ,&,t Z: x+ c;na = e

Ra(&ﬂ = e:coa}
Tm (¥ = e® sumy
et x Tz o

Calling Statement F = FNA (T, X, Y,)

Parameters T = type of coordinates: 0 rectangular

%

1 polar

X, Y coordinates:

for T = 0 X = real part
Y = imaginary part
for T = 1 X = modulus
Y = phase
Global variables
returned P, 0 results:
for T = 0 P = real part of e
0 = imaginary part of ez
for T = 1 P = podulus of e
0 = phase of e’
Status value ]

1973570 &
2,20



#SLCEXP
Listing

o
1A
o

=Rl u Ny
R

EHD OF LIZTING

Example of use

nL FUCENP
LI=Y
FILE RUCEXP

DISP CEMTER O=RECTAHGULAR OF 1=FOLAR ":
IMFUT T

THEN

COTO 94
ISP VEMTER RO AND TETA™;
IMFUT #5.%

FRIMT

FOINT T=00T

FRIMT alfs =ML EY
LET Z=FNHALT. %,
PRINT USING
GOTD 14
B1FD : EXFLRIFAT = #¥, HESSUGHGHEER 4%, BniGHaHHHRRY

EHD OF LISTIHG

2.30 ‘ 39733570 G



3973570 G

#dkk FORMELLY

EXP (al fa)

CORRECT PROGREAM

*SLCEXP

2.3






*SLCRZ

Title Reciprocal of a complex number

Purpose To compute the reciprocal of a. complex number; both the
argument and the results can be expressed either in rectan

gular or in polar coordinates

4 N
Method Zoed Lo xmw oL x oy
£ Xy xtayt Xty =y
0 ‘ ! 4
T ged e
By = —~4
Calling Statement F = FNA (T,X,Y)

o
i

Parameters type of coordinates: 0 rectangular

]

1 polar

X, Y coordinates:

for T =0 X = real part
Y = imaginary part
for T =1 X = modulus
Y = phase
Global variables
returned P, Q@ results:
for T = 0 P = real part of the reciprocal
Q = imagirary of the reciprocal
for T =1 P = modulus of the reciprocal
Q = phase of the reciprocal
Status value i

3973570 G 2.33



Listing

15

5} LE

& LE

HEda LD

8017 GO

gats LET

Ga1E ¢
6515 LET FHe=@Q
2028 FHEND

EMD OF LISTING

Example of use

OLD RUCRZ
LIST
FILE RUCRZ

Ba1a DISP “ENTER S=RECTANGULARR OR 1=RILAR '
Gaze INPUT T

8339 IF T=1 THENM 78

gaaid DISPE "EMTER K BMD V'

aas5a INPUT #.v

BB5I GOTO 98

aorva CISP "EHTER RO AND TETA™

aaza ITHFUT <.

BE33 PRINT

AtEd FRINT "T="uT.

2118 FRINT “al+fz ='"yELY

B138 LET Z=FHRIT.%.Y)

@158 FRINT USIHG 176€.P. &

B168 GITo

B

i
B17A 0 - LalEE) = BH,OSE4RLSUBRGAEES LEMEEEE L RS

v

EMND OF LISTINMNG

LIHK ®*5LCRZ.A
2999 END
Rin
kA FORMALLY CORRECT PROGRAM kdokk
T= & ERR¥-] =g 14
1-{aléa) = A, 3348030005859 -f.{8AREAEREBREE0
T= 8 z1lfa =149 &
14Calfa) = B, 1g3unataassas 4. 2a8Rn3neBaBaa
T= @
1-{3lfal = 54 EASPEL

2,34

FELCRS

3973570 G



~SLCZMZ

Title Multiplication of two complex numbers
Purpose To compute the product of two complex numbers, both the
argument and the results can be expressed either in

rectangular or in polar coordinates

Method Z1 ZZ = (Xl +.iY1 (X2 + iyz)}: Xl XZ - ¥y Yy + i (Y]_Xz + Yz,\'l)
e = IZJZZt = 9192
P+ o= g+ ?,

Calling Statement F = FNA (T, Xt, ¥i, X2, ¥2)

+
|

Parameters type of coordinates: 0 rectangular

1 polar

Xi,Y1,X2,Y2 coordinates:

I

for T =0 x1 real part of first number

Y! = imaginary part of first number

X2 = real part of second number
¥2 = imaginary part of second number
for T =1 X1 = modulus of first number

Yl = phase of first number
X2 = medulus of second number

Y2 = phase of second number

Global wvariables

returned P, 0 results
for T =0 P = real part of the sine
Q = imaginary part of the sine
for T =1 P = modulus of the sine
Q = phase of the sine
Status value 4]

3973570 2.35



Other function called: ¥SLCONV used as FNZ

Listing
Li=zT
FILE #SL0IMT
i LEF
Facs IF
& B OLET
gay LT
da i GO
aa iz LeT
4314 LET
8316 LET
6918 LET
AgZH FHEOHD

END OF LISTING

Example of use

X

TS S e

E

2.36

o %

TLE RUCZHE

OIsF e

-3

LR OB=RECTHNSULAR OF 1=2FOLER";

vt ¥
g
®oAND Y GE CTHE ST Hoo;
AOAHD Y GF THE SEC.HT'

k&
-1
o
£
=z
o
s

? THE S£0, po
1 i

mREINT

FEINT

PREIMT F

FRIMT 13 ¢

LEYT Z=FHAT SALKEZ Y Z)

FRINT "al+fakbataz";p,Q

GOTO 14

HD OF LISTIMG

*¥SLCZMZ

3973570 G



oLD. RUCZNZ

[

LI

EE]

FLHN

wkddk FORMELLY
T= 4

sl Fa = 2
bt a = 1
21 Fakbeta 18
T= o4

alfa = 3

bata z

al faxbeta= &

T= 8

alfa = 14

bata = 52
al fakbeta=-72
T= 8

alfa = g

bEE3 = 12

alfasbeta= a

T=

alfx = 3
=g = 1
al $zspata= 3

3973570 G

SR W

= R
L ]

£

4
-
o
Lex}
—

I

]

~J

#SLOZMZ






*SLCZDZ

Title Division of two complex numbers

Purpose To compute the ratio of two complex numbers; both
the arguments and the results can be expressed either
in rectangular or in polar coordinates

Method RJ/]E 2, = o+ iz o za‘c'f‘i_otl e

Z, o+ FY. § (e + Erc[.)—*&”"(‘.*&ci)
= e id

N

Calling statement F = FNA (T, X1, Y1, X2, Y2)
Parameters T = type of coordinates: T = 0 rectangular
= 1 polar
X1, Y1, X2, Y2 = coordinates:
for T = 0 X1 = real part of 2z,
Y1 = imaginary part of z,

Xz = real part of =z,

Y2z = imaginary part of zy
For T =1 X1 = modulus of zq

Y1 = phase of z;

X2 = modulus of zg

Y2 = phase of z5
Global variables P, 0 results
returned for T = O P = real part of ratioc
0 = imaginary part of ratio
for T = 1 P = modulus of ratio
9 = phase of ratio
Status value [}

Other function called: *SLCONV used as FNZ

3973570 G
2.39



Listing

Example of use

2.40

OLL «5L0ZDE

LIST
FILE

]
]
2]
o]
e]
<]
Bi
a
&
5
&
5]
3

2 DEF FMACT.

LILDIDE

o O TP Gc i e = I S P

£ FHEMND

EHE OF LISTING

LIT&Y
FILE

o15]
1
{

LAl
T

=
D

1

Ly

A
SRS ]
o943
@158
F1ER
R17a
aiza
B1ag
BzaR

EMD

RECZLE

DISP "ENTER ©=RECTANGULER IR 1=POLAR";
IHFUT T

IF T=1 THE}
DIZP ENTE
THFUT 01,7

.
s AND ¥ OOF THE 18T fe;

ISP "EHTER ¥ AMD ¥ OF THE SEC.Ho™;
IMPUT KZ.¥2

GOTO 145

GIZF “EMTER RO RMD TETA OF THE 15T MoY;
LIHPUT R1.

CIZP "EWNTER FO AHD TETA OF THE SEC.Ho';
THFAT ¥z

FRIMNT
FEINT "Y="37

FRIMNT "3l+¢3 MiHAL A
FEINT "hetx ="iH2.rz2
LET Z=FNA{T. .81, 1.52.v2)
FEINT “slfar-beta=";P.R
GOTO 18

OF LISTIMG

*SLCZDZ

3673570 G



*SLCZDZ

CORRECT FROGEAM #hes

2
-4
52Es14m L SEREITER

T= 4

alfs = 4 G
bats = 2 [«

sl farbata=s 2 =]
F= 1

ER = 14 .14
b2t 3 = 2 3014
alfarbetz= & a

= 1
alfa =
bty

alfasbata=

=

3973570 G 2.41






-SLCSOR

Title Square root of a complex number

Purpose To compute the square root of a complex number; both
the argument and the results can be expressed either in

rectangular or in polar ccordinates

b

Method : /EL Z= x + /‘}3 - I
Re (VE) =V 22

Inn(\/E—):;_ X
V2 - v
o ([27) - 5

Calling statement F = FNA (T, X, Y)

Parameters T = +type of coordinates: T = 0 rectangular -

]
1

1 polar

X, Y = coordinates:

for T = 0 X = real part
Y = dimaginary part
for T = 1 X = modulus
Y = ophase
Global wvariables ]
returned: P, 0 results:
for T = 0 P = real part of |z
0 = imaginary part of V;
for T = | P = modulus of )z
4 = phase of V;

Status value 1]

Other function called: #*SLCONV used ag FNZ

3973570 @ 2.43



Listing

Example of use

2.44

TLHLOYIR

THEM 14

BE2Z FNEMD

EHD OF LISTING

aLn R
LIST
FILE RUTEOR

ARt DIZP "ENTER T T=8 RECY.COORD.

aaza INPUT T

QeEe IF T=1 THEM 72
Aergd DISPE “"ENTER W
Q@psa IMPUT WY

GOTo 10

AMD Y

[ IMPLIT 1, %

0 FRINT

a FREINT "T="7

B FFRIMT “zl+s3 =1,
& LET Z=Fua0y . vl

[ FRIMT ="
5} LET #&-=

G- LET i

a LET Z=fNELT A.B.H.82

g FRINT "IS0RCal £33} ti=""
& SOTT 14

EMD 0OF LISTIMG

LISPE UEHTER RO BMD TETA

[T
s

P.Q

T=1 FOLAR £00RD. ™

#SLCSQR

3973570 G



#SLOSOR

FOFMALLY CORRECT PROGPRAM #wds

T= @

3l+3 = 1 1
SRzl fLl = 1.

SRR Calyallte= o

alfs =-13
SOR sl f3) = 4.7577311
C50R el §51112=-13
T= 1
ER ] = 1
SRR 31 Fa) = 1
(EORLal a3 2= 4
= 1
alfa = 9 &
SRRELalfa) = 3 5]
(SOR{alfadite=s 2 [
T= 1
al = 4 o148 15%592
0 = 3 1. 57FEvYas
L 1) tZ= 9 3131592

3973570 G 2.45






Title
Purpose

Method

Calling statement

Paramters

Global variables

returned

Status value

Other function called:

3973570 G

+SLCZN

Integral power of a complex number (ZN recurrence)

N
Te cowpute the power Z with 2

,&Lz=x+q= ej,

complex and N integer » O

EM : 2 EM-{- the following recurrence is used:
’ )

.zf : X, L %m where
X, = X'Xm-J ‘%'1ﬂ“f
‘ém -‘:-xi”‘“"‘.“j'xmﬂf
2l = 7

@ (Z7)=m

F = FNA (T, ¥, X, Y)

T = +type of coordinates:
N = exponent

X; Y coordinates:

for T = 0

for T = 1

P, & results
for T = O
for T = 1

#SLCONV used as FNZ

MM e b

=T - I <= B

0 rectangular
1 polar

real part
imaginary part
modul us

phase

real part of ZN

imaginary part of ZN

modulus of ZN

phase of N

2.47



Listing

Example of use

2.48

mr-
~ e

T

oA

r LEF
Let

LET

THEM 32
Far I=1t TO M STER A

AR

o

-7 RF
FA+ERET

DA 3]

HEKT I

COTo 32

FOR I=1 TO H STER 1
LET F=P#:

MHEX®T 1

5 LET 9=FHZ C7+M)

# LET FH+=2a

FHEHMD

END OF LISTIHG

OLD RUCEHM
LIST
FILE RUCZN

AA1a DISP VENTER A=RECTRMGULAR OF

Haza IHFUT T

IF T=1 THEM TR

ISF YENTER X AND ¥
IHFUT g
SOTO

8828 IHPUT .Y
B193 PRINT
FRINT “T=":T

G DISF YEMTER EMPOMENT
IHFUT H

FOR I=0 T H STEP 1
LET Z=FHALT.I,X.Y)

MNEXT I
GOTO 16

END OF LISTING

ISP "EHMTER RO ANE TETAYS

3 PRINT "alfa =R
N

PRINT “slfa t915" =";P.@

*SLCIN

3973570 G



#SLLZN

CORRELT FPROGRAN bk

T= I

al¥a z 7 5}

alv{a t+ @ = A 5]

siva t o4 = 2]

slfa T 2 = g [EY

31f3 + 32 = & o

alfm t+ 4 = 1§ o
B3ifa t 5§ = 22 5]
alfa + & = B4 a
alfm + 7 = 123 [}
alfas t+ 3 = 256& 54
s1fa 1+ 3 = 512 a8
= 1

al¥fa =1 1

alFfs + 4 = 4 [}

alfa 1+ 1 = 1 1

alfa t+ 2 = 1 2

51f3 + 3 1 K

2lfa t 4 =1 ~-2.2831853

alfa 1 5 1 -1.29318253

alfa 1T § = 1 -,Z83135321

alfas 1 7 = 1 LFABS1469

= Q

at+a = 1 4

alfa + o = 1 2

atfa + 1 = 1 1

alfa t 2 = 8 et

alsa 1+ 3 ==2 o

Fléa 1 4 =-g o

alés t+ 5 =& =4

alfs t+ & =B -8

3lf3a ¢+ 7 = 2 -2

3973570 G 2.49






Title

Purpose

Method

Calling statement

Parameters

Global wvariables

returned

Status value

Other function called

3973570 G

*SLCZA

Real power of a complex number

To compute Z?, with Z complex and a real numbesr; both
the argument and the results can be expressed ecither

in rectangular or in polar coordinates
. _ 3
,Yut 2 = x-wua = e

Re (3%) = “cos(a )

T 2%2 % sim (a )

a.
gx =
arg (22) = @
F = FNA (T, A, X, Y)

x|
i

type of coordinates: T 0 rectangular

1 polar

A = exponent

X;¥= coordinates:

for T = 0O X = real part
Y = imaginary part
for T = 1 X = modulus
¥ = vphase
P, 0 results:
for T = 0 P = real part of z?
Q0 = imaginary part of Z2
for T = 1 P = modulus of 2z°
Q9 = phase of £2

#+SLATN2 used as FNZ

2,51



*BLCZA

Listing

[l B R0 B B o B B B B
o D s

T
[A% RSN B R S O o R

RIED oa o

FHEND

END OF LISTIMG

Example of use

FILE RUCZA

DISP “EMTER ©=RECTANGULAR OR 1=FOLAR ™;
IHPUT T

IF T=1 THEW 70

DISP “ENTER ¥ PHD ¥

IHPUT Ho
COTR 93
DISP “ENTER RO AHD YETA™;
IHFUT
FEINT
PRINT “T=2:7

PRINT "al+a =visLY

DISE “EMTER EXFONENT n';

INFUT N

8148 LET Z=FHALT.H,¥. T}

PRINT USING 17B.H.P. 8

GOTO 43

TALESTHE, HEERSATTIL = B4, BRSHEBBHHSSEE BB BEGREBELRRALE

[
2

ENMD OF LISTING

2.52 3973570 G



*SLCZA

wdhd FORMALLY COREECT PROSRAM #+

T= <t

313 = o]

alfart Z,000000E+00 = 2. AREARda3RAnGa B.QR0RRDAESHGNG
= 1

al+a = 7 a

alfat Z.0R0R085+098 = 3.0308020G02000 B, oaRaanoagaaag
T= &

3lfz = 52 a

Aleat B, Q00000 +30 = Sdkokoksokok ok b okok Aok ok 9. 0088308006000

T= 1

alfz = 1 i

alfat 2.TOUUGOOE+RG = 1.08RB0AGATRARA 2. 75R8ganannron
= 1

alfs = 2 7z

alfat I,1500000+00 = 2. 8152482263390 6. 2308BA099ARaR

3973570 G







+SLPLCC

Title Evaluation of complex polynomials (compl, arguments)

Purpose To evaluate a polynomial with complex coefficients
and complex arguments

Method Horner Scheme

Calling Statement F = FNA (X, Y)

Parameters X real part

Y imaginary part of the argument

Global variable:

- input

- return

Status wvalue

Listing

LIST
FILE

ag1a
aezs
Bgig
8a48
aana
8368
aave
aksl=sn
BaTs
eiad

DEF
LET
FOR
LET
LET
LETY
LET
HEH
LET
FHE

=]

(I) array of real part of the coefficients

<

(I) array of imaginary part of the coefficients

D degree

real part

imaginary part of the wvalue

#SLPLCC

FHACK.YII.81,P1
PF1=R01=9

I=D+1 TO 1 STEP -1
P=P1#n-Q1%¢+UJ 1)
=R+ P e +UCIT.
P1=pF

21=0

T I

=0

HD

END OF LISTING

3973570 G
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*SLPLCC

Examplé of use

LISY
FILE +PLCC

1818 DCL ZA(E$.CH)

ae2a PRINT

aa3g DIM Uo1asal, uti1ad

@e4d PRINT “EUALUATION OF A POLYHMOMIAL WITH COMPLEX COEFTICTIENTSYS
@858 PRINT * AND COHMPLEX ARGUMEMNTS™
BRa5a PRINT

ga7g DISP "DEGREE OF THE POLYHNORIAL™:
Basd INPUT D

BBIAPRINT"THE CREFFICIENT C=U+iy 15 ENTERED AS U.Y¥ AND THE ARGUHENT X+i¥ AS X, ¥"
B188 PRINT

@118 PRINT "COEFFILIENTS: ™

8128 PRINT

%138 FOR I=D+4 TO 1 STEP -1

8148 DISP “UEL":I—-1,"), U0 I-1:"3";
@138 INPUT U{1).UCI3

e16@ LEYT S=SGH{V{I})

8178 LET A{41=43+5+5-5

8138 CONVERT A TO A% LENGTH 1

8132 BUILD B$.,UCI).A%,"i", ABS(UCLID]
@288 PRIMT “C(O'iI-1,")="iB%,

9248 HEXT I

8224y PRINT

@238 PRINT

@248 DISP ¥ EHMTER X+i¥Y",

B258 INPUT K.Y

8268 LET F=FNACX, Y]

8279 PRINT

B28@ LET $=5GNLIY)

B298 LET AC1)=43+5%S5-5

83288 CONUERT R TO A% LEMNGTH 1

831@ BUILD B$.,X.A$,"i",ABS(Y)

8328 LET S=5GHIQ]

9338 LET AR{1I=43+5+5-5

8348 CONVERT A TO A$ LENGTH 1

8358 BUILD.C$.P.A$, "i",RES(A]

8368 PRIMT "RESULT @ FC';B#,"¥=".C%

END OF LISTING

LINK *SLPLCC.&

9939 EHND

RN

wkxdx FORMALLY CORRECT PROGRAM stk

EVALUATION OF B POLYNOMIAL WITH COMPLEX COEFFICIENTS AHD COMPLEX RARGUMENTS

THE COEFFICIENT C=U+ilU IS ENTERED AS U,V AND THE ARGUMENT X+iY AS X.Y

COEFFICIENTS:
CC 6 3=41 +i 1 £OC & 3= 2 +i 2 CC 4 2= 3 +i 3 CC3 J= 4 +3i 4 CC 23I=3 +i 3§
CC 1 1=6 +i 6 0F €8 3= 8 +i @

RESULT ¢ F({ 1 +i 1 2=-328--1 14

2.56 3973570 G



*SLPLRC

Title Evaluation of real polynomials (compl, arguments)

Purpose To evaluate a polynomial with real coefficients and
complex arguments

Method Horner Scheme

Calling Statement F = FNA (X, Y)

Parameters X = real part of the argument

= imaginary part of the argument

Global variables:

~ input € { } vector of coefficients (in descending order)
degree

- return real part
imaginary part of the value

Status value i g

Listing

OLD *SLPLRC

LIEST
FILE

B8
ag2a
0e38
ag4a
BAs5e
BaGYd
078
Bage
Ba3a
Hias

+SLPLRE

CEF FHAMK.YIILP1.01
LET P1=QR1=8

FOR I=D+1 TO 4 STLP -1
LET P=PixX-01«Y+C (1)
LEY O=PikyY+Q1%X

LET Pt=P

LET 21=@

MERT 1

LET FHN#=R

FHEND

END OF LISTING

3973570 G
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Example of use

2,58

oLh
LIST
FILE

EHD

LINK
9399
RUH

#akx FORMALLY CORRECT FROGRAM %®#*

+PLREC

+PLEC

PRINT

CIM CCiigl

FRINT "EUALUATION OF R RERL POLTNIMIAL WITH
FRINT

DISF "EMTER DEGREE GF THE POLYHORIAL®,
THPIIT D

FRIMT "COEFFICIENTSD ™

PRINT

FOR (=041 T 4 STEP -1

DISP YENTER (", I-1,"2";

IHPUT £01)

PRINT “C{Y:;I-1;"y=";CLIY,

HEXRT [

DISP “THE ARG, X+iv IS ENTERED AS X, Y™
IMPUT X, Y

LET F=FRAELX, Y]

PRINT

LET S=SiGHIQ)

LET RC1I=43+5%5-5

COMUERT A TO A$ LENGTH 1

BUILD £%.P. A%, "i", ABS (@)

LET S=SGHC(Y]

LET AC11=43+5*5-5

CONUERT A TO A% LEMNGTH 1

BUILD B%,X,A%."i",ABS(Y]

PRINT "RESULT : F{";B$;} =".C$

Of LISTING

sSLPLRC.R
END

COEFFICIENTS:
CL 4 1= 1 CL 3 1= 2 cC 2 1= 3
RESULT © FC 1 +i 1 1 = 1 +i 14

CL 1 3= 4

COMPLEY ARGUMERT®

EURLUATION OF A REAL POLYMOHIAL WITH COMPLEX ARGUMENT

cCc 8 1=235

*3LPLRC

3973570 G



+SLPLRR

Title Evaluation of real polynomials {real argument)
Purpose Calculate the value of a polynomial with real coefficients
and real arguments
Method Horner Schene
Calling Stwtement PRINT FNA (X)
Parameter X Argument
Global variables:
- input D Degree
€{ ) Vector of coefficients (in descending order)

-~ return FNA (X)
Listing

LIST

FILE *SLPLRR

. @818 DEF FNRIXJII.G

@0z@ LET @=Cil+1)

2”833 FOR I=D TO 1 STEP -%

S48 LET g=a+4<+C (11

@uSsyg NEXT I .

BReE LET Fi=*=Q

eava FMEND

END OF LISTING

3973570 G
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*SLPLRR

Example of use

oLD +PLER
LIST
FILE +PLER

Ga1e PRINT

AAZA-PRINT TRELD15) . "EVRLURTION 2
PRIMT TRECH4); "RERL COEFFICS
PRINT

LI Cotea)

CISP "ENTER DEGREE™,

INPUT D

FRIMT YCOEFFICIENTS Y
PRIMT

FOR I=D+1 TO t STEFP -1

SISP VEMYER COEFFICIEHT CELYSI-4,73'
INPUT CLI3

FRINT “CC I-1;"1="50 013,

MEZY 1

PRINT

PRINT

DISF "ENTER RRGUHENT X'

IHPUY =

PRINT "RESULT :© PU"™;X;)1=";FHACX)
PRINT

ILYMCH WITH Y
AHG REAL ARGUMEMTS"

EHD OF LISTING

LINK *SLPLRR.RA

4999 END

RUH

#xx& FORMALLY CORRECT FROGRAN #x+*

FUALURTION 0OF A FOLYHOR MITH
REAL COEFFICIEMTS AWD REAL ARGUMENTS

COEFFICIENTS
cec 2 3= 1 oL 1 )=8 ce g 1= 1

RESULT @ PC 2 1= 5

EURLUATION DF A POLYHOM WITH
REGL CACFFICIENTE Gl EEAL ARGUHMENRTS

COEFFICIENTS

crC 15 3= 1 cC 14 )= 2 cc 13 1= 2 CL 12 1= 4 CC 41 3= 5
CC 18 3= & cros 3= 7 cCL 2 2= 2 cr ¥ 3= 9 CC &)= 189
co 5 2= M o og 1= 12 o003 3= 13

w%kr FORMALLY CORRECT PROGRRAH *%+%

EYSLUATIMN OF A POLYNOM HITH
REAL COEFFICIEMTS AND REAL ARGUHENTS

COEFFICIENTS

CL 13 1= 1 oCots 3= 2 cC-13 1= 2 Cr 12 J= & Cg 11 1= 3
CC 12 3= 6 cL 3 3= 7 ce @ =3 TC 7 1= 19 C£ B 1= 14@
cg 5 1= 1 CL 4 1= 22 c¢ 3 1= 33 Cr 2 3= a4 O 1 1= 53
CL 9 1= 66

RESULT : PC 5.5 I= 1.9843235E+11

2,60 397357C G



*SLPRRR

Title Calculating the coefficient of a polynomial from the roots
Purpose To compute the coefficients of a real polynomial from
roots
Method The coefficients are computed by multiplying the roots
and summing up the terms of the same degree
Calling statement = FNA (R)
Parameter R  Number of roots

Global variables:

- input

- return

E{ ) Vector of roots

A () Vector of coefficients (in descending order)

Status value g

Listing

FILE

@318
2aze
’a3s
ag48
bE58
[af=) =)
Qava
2OsR
= kede )
@180
21109
B12a
8138
8148

+*SLPRER

DEF FHRLRIK,J

FOR K=3 TO R+1 STEP 1
LET AKl=8

NEXT K

LET AC1)=-EC1)

LET A{2)=1

FOR J=2 TO R STEP 1
FOR E=J+1 TO 2 STER -1
LET AKI=ALK-43~ALKI*ECJ]
MEXT K

LET RC1I=-RC1T+ETJD
NEXY J

LET FN+=8

FHNEND

EMD OF LISTING

3973570 G
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Example of use

2.62

FILE +PRER

2948 DIHM AC19483,EC39) .
aF7za PRINT “COMPUTATIOM OF THE COEFFICIENTS OF R RERL POLYHOM FrROM ROQTS™
3238 PEINT

G840 FRINT

@esg DISP “ENTER # EGOT3'

Baeld IHPUT R1

ra@v3 FOR 1=1 TO R1 STEP 1

gase DisP "ENTER E™ I;

8998 INPUT ECI

9168 HEXT I

8118 PRINT “RQQTSI "

a12a PRINT

B13g FOR 1=1 TQ Rt STEP 1

8148 PRINY ECIY.

8158 HEXT I

B16@ PRIHT

8178 PRINTY

0189 LET I3=FHALR1]

@198 PRINT "COEFFICIENTS IN DECREASING ORDER: *
@28 PRINT

@213 FOR I=R1+1 TO 1 STEP -1

@228 PRINT ACI);

@239 NEXT I

B24@ PRINT

a258 PRINT

8268 GOTO 3@

END OF LISTING

LINK #SLPRRR.H

93999 EiHD

RUN

ek FORMALLY CORRECT PROGRAM #k+*

CORPUTATION OF THE COEFFICIENTS OF A REAL POLYMNON FROH RDOTS

ROQTS:

1 2 3 4 3
5

COEFFICIENTS IHM DECREASING ORDER:

1 -24 475 -735 1624 -1764 728

#SLPRRR

3973570 G



+SLECOCC

Title . Calculating of the coefficients of a complex polynomial

from roots

Purpose To compute the coefficients of a complex polynomial

from roots

Method The coefficients are computed by multiplying the roots and

summing up the terms
Calling Statement I = FNA (R)
Parameter R Degree of the polynomial {= number of roots)

Global variables

input { ) real part of roots
F ( } imaginary part of roots
output { } real part of coefficients
( ) imaginary part of coefficients
Status value FN# = -1 degree < @
Listing
LIZT
FILE #SLCOID
] T ODEF THEGRIE.GL.ULY
aod4 I RLE TH 10
BEoE LET FHe=-1
BREE
¥4 R Fx]
[y el
Ba14
2318
132
1

ot

238

ay32

2034

LET 8043 =-U#E D13 +UaF 1))
BE4s LET BC13=~UsF (J)-UHEC)2
Qads HEWT 4

@43 LET FHe=a

BE53 FHEND

EMD OF LISTING

3973570 G 2,63



Example of use

2.64

TLD +C3CC
Lt

LIsT

FILE +COLe

SUINAGINGRY

ODIsp VENTER DEGREE'S
IMFUT R
FRINT "CEGREE:".E
PRINT
FRINT "EMTER RIOOTS: #+iv
FRINT
FRINT "IWMDER', "REAL FPeART Lo IIEGIHARY
FEINT
FOR I=1 TCG R ITZP 1
ISP "EHTER wU I, um.I;
3 INPUT ELID.LFOCID
91Z0 FPRINT IL,ECIJ.FCID
138 NEWT 1
B1af LET I<FHALR2
438 PRINT
B169 FRINT “IQEFFICIERTZ 7
g1va PRINT
8138 PRINT "INDER".'REAL FARET"
8139 FRINT
gIel FOR I=1 72 R+1 STEF 1
@218 FRINT I-41.R{I2.28013
220 HEXT I
LLIT FRINT
GZaiy FRINT

EHME OF LISTINS

LINK #SLCOCC, R
F333 END

U
tedm FARMALLY CORRECT PROGRAT #wkk
CEGREE <
EHTER FO0TS  i+iv IS ENTERED AT <.

INDER FEAL FART LGRS INARY
1 1 !

3 et 3

5 “ 4

5 5 5
COEFFICIENTS:
INGER REAL FRRT THAGTHARY
a 488 53

1 - 1835 8

2 +58 -458

3 & 17

4 -15 -13

5 1

FR=T™

FRRT

FRRT

#SL.COCC

3973570 G



Title

Purpose

Method

Calling Statement

Parameter

Global variables

Listing
aLD #SLEMF
LIST
FILE w5 EMF

» DEF P
LET =
FOR K
LET @

HEXT K

@883 LET FH#=35
8198 FHEND

EAD OF LISTING

3973570 G

LET S=S%PI-2

-SLEMF

Complete Elliptic Integral of Second Kind
Evaluation of the Complete Elliptic Integral of Second

Kind

T
¥ sLpME 2(x) = Vi-cx sile o

The value is computed by means of the representation

E(x)= §n- AT (1"5“)2 %3 - (%)2%3"

PRINT FNA (X)

X Argunment

Neone

1 TO 1968 STEP 1

G (L2~ 10 7 (24K 222
IFf REBS(GI<1E-13 THEMN 8@

LET S=5-0-(2#%K-1]

2.65



Example of use

2.66

oLk
LIET
FILE

gt
pAaza
Baza
|iEad
@358
ol 11" ]
Bara
BB39
es33
B1Ba
a119g

+EMF

+ENMF

. #&.#4 X LT
FEINT .

FPRIAT TRELSUCOMPLETE ELLIPTIC IWTEGRAL OF
HEM oo CONPLETE ELLIRTIC INTEGRAL OF THE
FRINT

FRIMT ,"&', "ECxy ™

FRINT

DISPF "INPUT XK'

INFUT X .

PRIMT USING 16, X, FHNRIAD

GUTO oo

END OF LISTIHNG

LIMK
99373
[ ]

EES 2

COMFLETE ELLIPTIC INTEGRAL OF SECOHD KIRD:

KSLEMF .
END

FORIMALLY CORRECT PROGRAM #&%%k

SECOND
SECOHD

E (X3

¥SLEMF

FIMD: EUR3®
KIME ECK) o~ rrrwas

3973570 G



*SLKMF

Title Complete Elliptic Integral of First Xind
Purpose Evaluation of the Complete Elliptic Tntegral of First Kind
% d.»
¥SUKMFE K(:x:) = T
o VA- x simPs
Methed The value is computed by means of the representation

K(x) = %n [*+(%)Zx+("2f—i)'le N (%)th . ]

Calling Statement PRINT FNA (X)
Parameter X' Argument
Global variables None

Listing

OLD *SLKMF

LIST

FILE +5LENF

agta CEr Frin E A

qaza LET S=a=1

G929 FOR K=1 79 1288 STEP 1

Besd LET Q=0+H* {(Z+K-11/(2*%KII T2
@838 IF RES(RICIE-15 THEN &8
g6 LET S=35+4

BB7E NEXT K

BazE LET S=S#FI~-2
8393 LET FH#=3
2188 FHNEND

EMD OF LISTIHG

3973570 G 2.67



#SLKMF

Example of use

+#MF

+KMF

: THEL 4 ChH L BRRRRHEAAEEY

FRINT

FRINT TRECS),"COMPLETE ELLIPTIC INTEGRAL OF FIRST KIMD: KOXI™
FEM s/ CONPLETE ELLIFTIC INTEGRAL 9F THE FIRST KIND KX}/ Ssnrssnssens
FRINT

RS FRIMNT VW', "KKI™

FRINT

ISP “IMPUT %'

INPUT ¥

FRINT USING 18, X.FNACX)

GOUTO =8

END OF LISTING

LIfE +SLKMFLR

3399 END

RUH

#ked FORMALLY CORRECT PROGRAM #4e4s

COMPLETE ELLIPTIC INTEGRRL OF FIRST KIND: K{X]

X K{A}
1.578 33
1.8612 T I
t1.853 533
1. 7138 153
1.7977 ab3
1.834% z71
1. 353! vr2
2.875 239
2,257 743
v 2.5 ivh
5.1z 173
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+SLLAGG

Title Generalized Laguerre Polynomial
(e}
L, ()
Purpose Evaluation of the Generalized Laguerre Polynomial
(o)
L (x)
Method The value is computed by means of the recurrence relation
[CH {a)
() =4 %) = ati-x

fe} } 4

m LE:Z (x} =(2m+a-4-x). L‘fﬂ; @) - {otm-4)- L(:L)-zf‘)

Calling Statement ‘PRINT FNA (N, A, X)

Parameter K Degree
weight function

-x A
e X

A See above

X Argument

Globhal wariables None

Listing

oLl #*5LLRAGG
157

FILE #SLLASE

@918 DEF FMACN, &8, XIK.L8.01
2@ LET L=LB=1

88389 LET L1=HR+1-X

82848 FOR Ks2 TO N STEP 1
8038 LET L={{Z*K+A-1-KI*L1- (A+K~1)*L@1 K
Beed LET {8=L1

LET i4=L

MEWT ®

IF M=1 THEN 128

LET FiHx=L

atig LUTO 138

8128 LET FHN#=L1

@132 FNEND

END OF LISTING

3973570 & 2,60



Example of use

OLD +LESE
LIET

FILE +LRGG

@919 oL 48Rt

Hay FREINT
HEZE PEIAT
9848 PRINT
gasa LIzp
BEEng IHPUT
FRINT
BuILD
8a33 FrRINT
#1869

YENRTER ALN. XY

HafL R

R¥, "A=",H." LL"sH,"]
USIHG 1e9, 8%, FHAain. &,

‘REERRRRERRRRRRRNRERKEERRESHES . 4R sati g

Bt19 LOGTO SB©

END OF LISTING

LIMK «SLLAGS.A

9933 Eud
R

wrt e FORIALLY CORRECT PRUGRAN *%

GEMERAL IZED LAGUERRE FOLYMOMIAL

2,70

H= 9 LC 6 JC .3
H= @ LE 1 J€ .3
A= & LC 18 3C .35
H= @ .LE 53103
HE 8 LD 16 1C 148

= LC & 30 .35

FOLYHOMIAL LRCHICRI"

[, %, )=

3

#*
LALCMI (K]

l= 1.930085040C48808
I= ¥. 3800906083009

J= -3, tE556BELELEALE
J= 27V .933 126334930048
1= 1. 0B0REBRAOTD0IE
= ~1.Z316BEBEERLVED

#SLLAGG

3973570 ¢



Hermite Polynomial H, (X)

Title
Purpose Evaluation of the Hermite Polynomial H, (X}
Method The walue is computed by means of the recurrence
relation
Hofx):-4’ H4(kv =2 x
Ho(¢}= 2xH, _ (2) — 2{m-4) Hyp (x)
Calling Statement PRINT FNA (N, X)
Parameter . N Degree
X Argument
Global variables None
Listing
OLD *SLHMF
LI=T
FILE *ELHMF
2818 DEF FHACH.XIK.H@.H1
agzp LET H=Ha=1
8830 LET Hi=I#a
Bis8 FOR K T2 M ZTEP 1
BALSA LET H= CR#H1-CK~11 %H&)
8353 LET HE=H1
gera LET Hi=H
24859 NEXT K
ae39 IF M=1 THEIN 120
8198 LET FH+=H
8118 GOTC0 138
B1z8 LET FM¥*=H1
B138 FHEHD

END OF LISTING

3973570 &G

~SLHNF
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SLHNF

*®

Example of use

3973570 G
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*SLHEN

Tiple Hermite Polynomial Piam_(x)
Purpose Evaluation of the Hermite Polynomial ?{eﬁtix)
Method The value is computed be means of the recurrence
relation
He ()= 4 He (%) = x
° 7 1
e (%)= xHe, {x)- (m-4) He’m-z_ (x)
Calling Statement PRINT FNA (N, X)
Parameter N Degree
X Argument
Global variables None
Listing
GLD #5LHEN
LI=T
FILE *SLHEN
ge1e OEF FHAC K HB.HTLH
g LET H=HU
29 LET Hi=x
8898 FOR K=2 TO M STEP A
BESE LET H=XK*H1~(K-11%H@&
BBEE LET HO=HA1
BBTE LET Hi=H
BOST NHEXT ¥
8E39 IF HM=1 THEH 128
@1aa LET FH#x=H
Bi18 GOTO0 138
Bigit LET FH#=H1

d138 FHEND

EMD

3973570 G
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#SLHEN

Example. of use

GLD +HEM
LIST
FILE +HEN

DCL «3R%

g FRIAT

T PRINT TAE(133; “HERHITE POLYNOMIAL HECNICR1"
FRIMT

ISP "INPUT HMix"i

IHFUT M. ¥

BUILD R, "HELV, M, "1, K,"o="

: ‘RRRERRERRERRRERRRGGHES . $HEREASHOHYG
PRINT USING 30,A%,FHAM. K

FRINT

LOTO 59

END OF LISTIHNG

LINKE #SLHEN.R

4399 £HD

RN

wedr FORMALLY CORRECT FRUGRRHM F%**

HERHMITE POLYMOMIRL HELCHI (&3

HEL @ 1L & 1= 1, 3008383828009
HEL 1 3¢ 1 3= 1. 8159888000909
HET 2 3% 2 )= 3. 8RasEHEsags
HEC & 2C 1 )= 5. GR30090000ET

KEC 5§ 30 5 1= 1950, 000033330808
HEC 4@ 10 .5 1= 49.89439433 12599

HEL 18 I( 1 3= 1216.080006800000
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SLFOUR

Title Evaluation of Fourier Series
Purpose Evaluate a Fourier formula
Method The following expression is used for calculation

N
R ‘
F(x)= —2:9 +>:(Akcoskx+BKMKr_)
k=4
Calling Statement F = FNZ (N, X)

Parameters N Maximum harmonic order to be considered

X Value for which the serie will be evaluated

Global variables A { ) Array of A values

B () Array of B values

Remember that for N greater than 9 a DIM Statement

must be placed in the Calling program
Return The value of the function

Listing

OLD *SLFOUR
LIZT
FILE wSLFOUR

8610 DEF FNHIN.XIL.K.S

et88 LET S=AC1) -2

é118 FOR K=1 TO N STEP 1

2128 LET S=35+H K+ 11+CO5IK*X) +B (K1 «SIN(K*X)
@138 NEXT K :

8145 LET FM*=5

B15@ FNMNEND

END OF LISTING

3973570 G 2.75




Example of use

2.76

LIST

FILE +FOUR

guia 0IM AC188) B C1949)

fEZE FRINT

@339 FRINT TAERC191; "EVALLATION OF FOURIER
Al PRINT

aa53 DISP TIWFLT MLRTS

BREE IMFUT N, X

B@7@ PRINT “"COEFFICIEMTZ OV
B@agE FOR I=t+1 T 1 STER -1
ga3d LISk “INFUT RY:II-15

a1aa INFUT RC(1)

8118 PRIMT "Ry I-1:"0="SAC1].,
8128 MEKT I

8128 PRINMT

g1ag3 FOR I=M TO 1 STEF -1

8152 DISF "INPUT B">;1-1.

8168 IHPUT ECI2

917y FRIRT B, [-1:73="5EB01),
9128 NEXT I

8133 PRINT

9289 PRINT

9213 PRINT “RESULT: FL"™;X,"¥=",FNACIN,R)
8228 FRINT

@239 LOTO 5@

END OF LISTING

LINK +SLFQUR.#
3999 END

RN

A€k FORMALLY

CORFECT PROGERMN w4

EUALUATION OF FOURIEK SERIES

COEFFICTIENTS:

R 5 1= 1 AL % 1= 2 AL 3= 3
RC & 1= &

B ow 3= 1 BEL 3 1= 2 B 2 1= 3
RESULT: FC 1 1= 5.83856379

COEFFICIENTS

R 18 3= 1 = I A T AL 2 1= 3
BL 5 1= & AC & 1= 7 HL 2 1= @
AC @ 1= 1@

BEC 9 1= 1 BL 8 1 EC 7 1= 3
EC & J= & EL 3 1= T gL 2 1= 8
RESULT: FC 2 I= —1.1987437

SERIESY

AL 2 1= 4 AL 1 3= 35
BC 1 J= & BEL @& 3= 35
BL 7 3= & Hi g J 5
AL 2 3= 3 RO 1 1=_1.
BEL & 3= 4 B(C S 1= 3§
BL 1 i= 3 Bl @ =@

*SLEOUR
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Title.

Purpose

Method

Calling Statement

Parameters

Global variables
Return

Listing

OLD #5SLIGRM
LIST
FILE +SLIGHM

+SLIGAM

Incomplete Gamma Function (a, %)

Calculate the values of the function

¥ SLIGAM

rla,x) = Pla,x) rla) = /xe."ttq_4 it {a.>0)

A series approximation is used

tla,x)= x*) - Rl
70 (aeminl

F = FNZ (A, X)

A
X } Values for which the function will be calculated

None

The value of the function

B8 LEF FHATALKIK,Q.5

BEZE LET S=a=1+<A

ea3yg FOR K=1 70 &9 STEP 1
gad LET S9=-@4K+ (A+K-13 7 (K# (K+A3)
885y IF RESC&I{1E~-15 THEM 3@

QUER LET S=S+0
@978 HENT K

9988 LET S=SwXif
@asg LET Friw=3
a1a@ FHEND

EMD OF LISYING

3973570 G
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*SLIGAM

Example of use

LIsY
FILE + [GAM

PRIMT

FRINT TABL1E); VINCOHMPLETE SAMHMA FURCTIOH *
FRIMT

FRIMT L “R", "4, "URLUE"

g PRINT

gaew DISP "IMPUT R.X™;

BRa7ad IHPUT A.X

aa2a FREINT A&, FRALH, XD

@899 PRINT

8198 GUTO 68

o S ®
QSR
GG

!
3
4
5

END OF LISTIMG

LIMK *SLIGAM.A

3339 EHD

RUN

sk FORMALLY CORRECT PROGRAMN ktokk

IMCOMPLETE GAMAR FUNCTION

H ® URLUE

t 1

1 5

1 18

z 1

F4 5

P 14

A 1

5 5 13. 428181
3 12 23,2974
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Title

Purpose

Method

*SLGAMA

Gamma Function

Calculate the function

* SLGAMA

?(x)=[ X = dt (x>0)
o

For X in the range of 0 € X £ ! an approximating polynomial
is used for calculation ¥ (4+x) Outside os the interval the

following recurrence formulaes are used

r{x+ad= xcr{x)

rmtz)s (medsx) (m-24x) . (4+x) y {44
Calling Statement F = FNZ (X}
Parameter X = wvalue for which the function will be calculated
Global wvariables None
Return The value of the function
Listing

OLL #SLGrMA

LIST
FILE

a8
geza
[las]
Hilq 0
s
BiGad
2T ]
aacy
auaa
gi6g
8118

*SLGAMA

DEF FHRCXIIX, T.K
LET K=XA-INT{¥12
LET T=x%lHe(Z+{@.a3
LET T=dw Ui U 0w (T
FOR ®£=INT (13-4 TO
LET T=T&iK+K]

HEXT K

IF X1%=1 THEN 148
LET T=T-X1

LET Fils=T

FHEMD

END OF LISTING

3973570 G
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Example of use

OLD TEST
L1sY
FILE TEST

A5 FRINT

816 FRINT " E*,7F &
Baza ISP "EMNTER X'
Ba3d IMPUT X

Biral FRINT X, FrRix:
@859 GOTO 24

&
@

END OF LISTING

LIHK #*5LGRAMAR.R
99393 EnHD
RUM

#kk4& FOREMALLY CORRECT FROGRRAM #kwa

X F{¥)
1

.23
18
24
39
L1
g

PR
S © W r e
PEAD T N

WL =M
L I I

TR ) ) =

n "
_..:r.‘_v.m i
[an)
3

o (JL'

o kD
™
+
[}
bk

#*SLGAMA

3973570 G



+SLBER

Title Kelvin Function ber {(x) of zero order

Purpose ' ' The function is defined by the relation

. i
b () + be () =J; (x,e —E%

The function calculates ber {x}

Method It is used a2 series approximation
2’ %
AL 4 A,
box ()= 4- 2= + 2L
(21 @ (e))?
where
4 2
Moo= x
4
Calling Statement F = FNZ (X)
Parameter X = wvalue for which the function will be calculated
Global variables None
Return The value of the function

Listing

Ba1Ea DEF FHACKIK.,&.S

gaze LET G=5=1

Be3e FOR K=1 TQ 1288 STEP 1
ggnl LET G=R#x+Ks (K¥K+41
8358 LET S=5+Q+C05 (P IwK<2]
Basd IF ABSIWI<1E-13 THEM 28
BRE7H NEMT K

gasge LET Fris=5

Pa3IE FHEND

EMD OF LISTINHG

3973570 G ' 2,81



Example of use

2.82

OLir +BEFR
LIST
FILE +EER

3 FRINT

Ba3g3 PRINT TABC23), "KELUIN FUMCTION ber(xi:"
o4 FRIMT

BASE DISE "IMNFUT XK'

geel INPUT ¥

BETH CHEHRAR. HAH A s ERENES

AESE BUILDE USING 7TE.A$, FHATK)

ga9e FRINT TRBIZEI, "eer(";X;“IJ". ¥

BigH PRINT

Bity GOTO 54

EHD OF LISTING

LIMK #EZLEBER.H
I3 END
RN
aokrd FORMALLY CORRECT PROGRAM #kwx
KELYIN FUHCTION ber (K]

bevrl g )

0]

barl .12 =

r
i
'
-~
()
ey
-
11

o
]
-
(2N
-
n

4
il
t
o~
[L]
)
n

*SERER
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«SLBEI

Title Kelvin Function bei {x)} of zero order
Purpose The function is defined by the relation
: Azl
b?A.- (Dc,)— b% (.:C‘):J-o(x e _4_

The rontine calculates the values of bhei (x)

Method An approximation series is used

IE] uf

bee (%)=

where
1 .2
U= — K
4
Calling Statement F = FNZ (X)
Parameter X = Value for which the function will be calculated
Global variables None
Return The value of the function
Listing
FILE #LLEE L
Ba12 DEF FHROAJK.R.5
BAZD LET @=1
@azZa LET S=3
8a48 FOR K=1 TO 18868 STEP 1
QeS8 LET Q=Q%K#*Xs [K&kwg]
LET S5=5+Q%SINLPI#K-2]
IF HESQI<IE-13 THEN 9@
HERT ¥
LET FHa=3

a188 FHEND

END OF {ISTING

3973570 G 2.83



Example of use

OLD +EBEI

[
FILE

Ba19
Baze
@oie
agasa
BeasE
BELR
eare
aosa
@994
g1a@8
e11@

+oEi

DCL 38AS

PRINT

FRIMNT TRECZ28."KELWIN FUMCTION
FRIMNT

DISF “IHPUT A';

IHPUT X

IeRHGHGE HUBRAnERRBRRY

BUILE USIMG Fa.H$, FHRCORD
FRIMNT TABCZ8); "bei (M5, "] ", A%
FRINT

GOTO 3@

END OF LISTIHNG

LINK
9339
Run
Aok H ok

+SLBEILA
EMD

FOURMRLLY CORRECT PROGRAM *kkk

bei (4] *

KELUIN FUNCTION b2 (K]

Beil @ 3

beif .11 =
pzil ,7 2 =
bei( .5 3] =
beif 1 1] =
beil 2 ) =

beil 3.5 1 =

B.00@RERABAGAEYE

]
b
¥

u
wn
ol
]
+

2.2832439563528

B 11eR343313588

*SLBEIX
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SLERF

Title Error Function erf (x)
Purpose Calculate the value of the function
2 ® o2
Eel(x) = %= e dt
o Vi
o]
Method An approximation serie is used
oo e 7 Im+4
(x) 2 }: ()" x
QL{:C T Va Lo milamay)
Calling Statement F = FNZ (X)
Parameter x = VYalue for which the function will be calculated
Global variables None
Return The value of the function
Listing
QLD #SLEKRF
LIST
FIL ESLERT
BE18 DEF FHACXKIK,Q,S
gR28 LET RQ=5=x
en3a FOR K=1 701208 STEP 1
8u4@ LET Q=-G*X*N#£K+K-1]/EEK+K+1J*KJ
Base If RBSCEI<IE~15 THEN 3@
Beed LET S=5+0
BATE NEXT K
guza L ET 5=
i3 LET FH
at1oo FHEMD
EML OF LISTING
3973570 G 2,85



Example of use

2.86

=
o

Pear il
AR RE]
gaza
bS]
gE4a
ae58

4

FRINT

FRIET Y K2, "F LRy
DIsP "EMTER X',
INFLT W

FRINT Z.FMACKD
LOTS 28

EMD OF LISTING

LIk
EEEE]
RUN
o A

®

.
n

L2, T SRR

[N

+SLERF LR
EHD

FORMALLY CORRECT FPROGRAM *tk*

*SLERF

3973570 G



«SLBIN

Title Bessel function of Integer order J, (x)
Purpose J, (x) is a solution of the differential equation
o2 &
x* gyt x %4« (xa-—'h.z)‘j =0
d.x? dx

The routine evaluates the function ¥y

Method The value is computed by means of the series representation

oo 12K
Tnlx) = (5L LEZ)
k=0 K'.F(n+K+4)

and the recurrence relation
2
Jma (=) = T f) ~ Ty ()
Calling Statement PRINT FNA (N,X)

Parameter N Order

X Argument
Global wvariables None

Listing

OLD *SLBJN
LIST
FILE *5L82H

8018 DEF FNZIN,X1Q2.,Q21.5.51,K.QR2,I.J.,J11.J8
au2@ LET 51=9

2848 LET Q=Q1=5=1

8858 LET Q2=x+X-4

8668 FOR K=1 70 69 STEP 1
aave LET Q=—-0+G2- (K*K]

aneg IF GRS (AILHE-15 THEN 1324
BE9a LET Q1=-9 1027 T+
a1a8 LET S=5+

8118 LET S1=51+Q1

8128 HENT K

8138 LET J=J@=5%

@148 LET JA=S51#Xs2+¥s2

8158 FOR I=2 T2 N STEP 1

3073570 G 2.87



3169
g1va
Qw124
g19a
@l
[Sprg b=
B22a
[apegess

243

LET J=¥*=(1~13r8=xj1-1@
LET Jd=j1

LET Ji1=J

HEXT 1

IF M=1 THEN 238

LET Fr+=lJ

LOTO 244

LET FpiF=dt

FHEMD

END OF LISYING

Example of use

2.88

OLD +BJH

LIST
FILE

va1a
aa2g
@333
B854
[24=)-15)
ga7e
@aga
6393
8108
at18

+BIN

#iHE BEER. NS
PRINT

FHEEAEG . EREBOHEROIND

PRINT "BESSEL FUHCTION JINIC<3™

PRINT

PRINT "GRDER N©,"X","JINI(XI"

PRINT
DISP "IMPUT N,X";
INPUT H. X

PRINT USING 1@.,N.¥,FNACH,X)

GOTC 89

EMD OF LISTING

LINK
9993
RUN

*SLEBJN,RA
END

*x4% FORMALLY CORRECT PROGRAN %44

BESSEL FUNCTIOM JENILX)

ORPER N b

B.18
B.2a
2.58
1.408
1.58
2.4@8
2.58
2. 18
t.88@
2. 88
.88
a.1@
8.28
1.88@
2.88
5.03
B.1a
8,5¢
1.88
Z2.84
5.64
@.1a
4. B89
1.848
2.88
5.88
a.10
1.6848
Z.88
5. @8
189,08

U bl PPN ERNNRNRNMN 2 @220 oSe

JILMI (K2

8.397581552865
B.930824372243
2.333469

B.2232398773141
-B8.848333776468
B.849937 526835
@.44805Q3325743

=1

B.35223348285 18
B.2565655116281
G, 298328829328
8. 802363729334
B.813563353934%

©.8339957149318
B.391232368447
0. pEOBEREZ 1216
8. 888243757731
@.BPFE39523762
B.2611485846197
-8, 2349861527831

#*SEBIN

3973570 G



+SLBEST

Title Spherical Bessel-function of first kind i (=)
n
Purpose Evaluation of the spherical Bessel-function of First kind
of order
Method The value is composed by means of the representation
4 -2 A L2
) x™ zx (£ )
J%(x)_ {4~ -
A 3-5ei . (2med) 4 {am +3} 2lam +3)zmag) -0
Calling Statement PRINT FNA {N, X)
Parameter N Order
X Argument
Global variables None
Listing

LIST
FILE

‘gaig
enra
eaze
8848
eesa
aase
geva
po38
ag9e
81686
8118
e12a
@130
@148

*SLBESY

DEF FNACH, XD, 1.K.5,q,4
LET D=3=2=+1

LET U=X%xX- 2

FOR I=1 TO 2#MN+t1 STEP 2
LET D=D~1I

HEXT I

FOR K=1 TO 1464 3STEP A1
LET Q=—@%Us (K (2%N+22K+1))
IF RBSCQI<{1E~15 THEH 128
LET S=5+0@

NEXT K

LET S=EtMN+5S*D

LET FHx=5

FHEND

END OF LISTING

3973570 G
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*SLBES!

Example of use

aLD +BESH
LIZT

FILE +BES1
[Sciupt

- HiE# LET: T 4. FHERBUAGHERY
RF28 PRIMT .
2638 PRINT TARBC15);“SPHERICAL BESSEL FUMCTION OF THE FIRST KIND"
adsE PRINT
AAER PRINT ,"ORDER N","X","ilM1f<1"
gave PRINT
goen ODIsP “INPUT H.R™;
Fg35% IHPUT H, X
@188 PRINT USING 19,N.3,.FHARCN.X]
G113 GOTCQ Sa@

EHD OF LISTING

LINK #SLBES1,A

5999 END

RUN

#4%%x FORMALLY CORRECT PROGRAM #xx¥

SPHERICAL BESSEL FUNCTIOH OF THE FIRST KIND

ORDER H 2 FEND CRD
@ 1,848 3.84 1478934868
@ 5. 88 -B.1914784834932
& ie.68 ~-#.05449211184a5
1 1.84 A.32811E2&72948
1 5.88 -@. 395839485879
1 1g.0a@ 2.a72566341312
3 18.94 -2.855524511622
7 1.88 B8.9830300479313
7 5.088 B.817382778173
7 18.49@ B.113386230B505
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«SLBES2

Title Spherical Besselfunction of second kind y (x)
n

Purpose Evaluation of spherical Bessel-function of second kind

of order

Method The value is computed by means of the representation
A 42 AT
p (). B35 fam -4) 54_ 3* N (=) -
m - - Ve b
o ) 41 {4-2m) 20(A-2m)(3-2m)
Calling Statement PRINT FNA (N, X)
Parameter N Order

X Argument

Global variables None
Listing

LIST

FILE *SLEESZ

aa19 DEF FHAMN.X1D.I.K.S5:0.U
BazZa LET D=S=8=1

8338 LET U=Xwss2

9as0 FOR I=1 TH 2sM-1 STEP 2
Bosy LET b=D=l

2858 HEXT 1

BEFO FOR K=1 TO feB8 STEP 1
Be8d LET Q=-2+Us (K*x (2% {K~-N}-1]1]
@938 IF ABSLQI<1E-13 THEN 129
8188 LET 5=5+@

8118 HERT K

8128 LET S=—S*DsHt(H+1D

8138 LET FHN*=3%

8148 FHEWD

END OF LISTIHG

3973570 G 2,91



Example of use

2,92

gLD +8ES2

LIST
FILE

aa18
va2e
84838
|658
88ca8
aave
@888
8098
81683
8118

+BES2

PRINT
PRINT TABC(131:"BESSEL FUNCTION JCMICKI"
PRINT

PRINT ."ORDER H","X",“JEHNICX)*™

PRINT

DISP “INPUT H,X":

INPUT H. R

PRINT USING 18.M,X.FHA(N.X)

GOTo g8

END OF LISTING

L INK
5999
RUM
ook

*SLBES2.R
END

FORMALLY CORRECT PROGRAM *x%%

BESSEL FUNCTION JONI1{X)

ORDER N X JENI X
5} 18.80 9.883987152771
@ 5.689 -8,@56 732437893
B8 1.e8 -@.5483823835868
1 1.68 ~1.3817732306574
1 S.en 8. 1288428367515
1 1@.08 8.862792526361
5 1.88 ~999. 4458343382330
3 5.ad -@.3284E50467493
5 1@. 28 B,8928235451633

E3:2 4 HHAU. AE BREFEVHAN.SHBHARBEHRAGS

*SLBES2
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Title

Purpose

Method

Calling Statement

*SLSINX

Modified Spherical Bessel-function of first kind 1 (x)
n

Evaluation of the Modified Besselfunction of first

kind of order

The value is computed by means of the representation

Ly (x) =

PRINT FNA (¥, X)

‘Parameter N Order

X Argument
Global variables None
Listing

OLD *3t iy
LIZT
FILE

¥ILIME

T

BEF FHAIH.HIDLILK.2.5.1

HEXT I

FOR K=1 7O 1ge@ STEP 1
LET Q=@ fa {20MN+2xK+133
IF ABSRICIE-45 THEN 128
LET S5=5+Q

HEXT K .

LET S=XtH*=SaD

EMD OF LISTING

3973570 &

ac

S s

2
1235 f2m+4) Al {2m +3)

...
21 {2m +3}(2m+5) 1

2.93




Example of use

2.94

OLD +5IMR
EFEOR  1E7F
oLD +Ihx
LIST

FILE +I1HK

[aaig

: EEX S EET3 % 2]
Anza PREINT

RERHd. A5G GELGO S

9233 PRINT TRECISI "NOLIFIED SPHERICAL SESSEL FUMOTION OF THE FIRST EIND"

gesa FREINT

AgEed PRINT ., "ORDER N, a7 "iIMICRI
a37e PRINT

agsa DISP “INPUT N.=&™;

a9 INPUT M.X

@188 FRINT USING 18,0, 2, FHACN.X)
g14@ GOTO &8

EMD OF LISTING

LIvlE 5L INR,A

933% EHD

LI

akww FORMAELLY CORRECT PROCEAH #aww

MODIFIEG SPHERICARL BESSEL FUNCTIO

ORDER M 4
=] %, 8a
5] t. 88
Q Z.o0
@ 5.8
2 12,488 1
1 a.aa
1 .60
1 1. g9
5 .80
g Z.ea
5 j.84
5 18, B8

i

HS)

i)

o
P Y

W o—

TS T

pr4

THE FIREST KIND

#SLSINX
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Title Definite Integral of the Bessel function I, (x)
Purpose Calculate the values of the integral
x
£ f 1 (t) dt
o
Method A serie approximation is used
= x
f(x) - X +Z 132
m=4 ('n] (2n+4)
Calling Statement F = FNZ (X)
Parameters X = superior limit of integration
Global variables None
Return The value of the function
Listing
OLD *StiIax
LIST
FILE #SETTGR
GRTa GEF FMRIRIK.S.G.U
Zo7E LET S=g=
BH3A LET U=XeX. 4
Gu4d FOR ¥=1 70 49 STEP 1
aend LET =0 Ik D20 - 11 - (KRR R D24+ 1] )
PEBR IF RBSCQICIE-14 THEM 9@
BE7H LET S=5+Q
|aEen MEXT K
AEdE LET S=x
a1ga
Bi1g
EMD OF LISTIdNG
3973570 G
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#SLIIPX
Example of use

PR

el OF LISTING

LIrM? #3511, A

3333 EHD

RUGH

akax FORMALLY CORRECT PROGRAN hkkww

# F X

a

.t Zh
.5 21
. 2%
.3 3
1 11
3 5
5 L5 B

2.96 3973570 G



Title Fresnel Integral S (x)
Purpose Calculate the values of the integral
x
. T 2
SCXJ::j' 4on,(2 v ) dt
[
Method An approximation serie is used
LA RS
oo (-4 (‘5)
dm+3
S(I)::Z: oA x {br
i f2ms)l (ame3)
Calling Statement F = FXNZ (X)
Parameter X = upper limit of integration
Global variables None

Return The value of the function

Listing

GLD #3LSF
LIST
FILE

Ca D U, R

1

BE3E LET S=X&i#x=Plr o

@asd LET G=5%3

BEEE LET U=Q&xxP -2

278 LET O=-Owils (24 [2#K+1])
guse LEY @1=q3-s (4*K+31

aa3a IF ABS(213<{1E-15 THEN 138
LET 5=5+31
LET ¥=K+14

74
3 LET FH#=5
FNEND

IR N}

END OF LI3TIiNG

3973570 G

*SLSF

x < 3.5
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Example of use

2,98

[}

A X
o
I

L SR

VENTER K'Y

r

@ IMPuT
g FRINT

OS5 T
WO D E R

D5 I S Y S

COTCG 2a

B

GF LISTING

EMD

«5L5F.A

ErD

FORMALLY COFRECT PROGRAH
“ F (3
& 5]
-t 5.Z358555E-04
3 . e 722433602
1 LGT3Z5945
1.4 L 33B8375
2.5 LB1313176
3.1 LSEI131585

HA o

*SLSF

3973570 G



Title

Purpose

Method

Calling Statement

Parameters

Global variables

Return

Listing
BLEG *3LCF
LIST
FIiE *SLITF

Fresnel Integral C (x)

Calculate the integral
x

c<x)=f ws (F17) dt

©

A seriesapproximation is used

2m
Cix) & i“')m‘(%) 4 i
x) =) et ——
7o 2l (4med)
F = FNZ (X)
X = superior limit of integration
None

The value of the function

GRIa DEF FHACKIF.K.U.%, 0,01

aa3a LET K=F=1
a4 LET S=Q=X

BG5S LET {=sXxEedwkxPIxpPlrg
agea LET @=—d#Urs {CK+KI x (K+K-173]
BE7E LET f4=0- C4kK+13

gaza IF aetd@1)<1E-14 THEN 12@

8838 LET S=5+01
aaE LET Esi+d
118 GO0TD &8
g1z LET Fie=5S
8138 FHEND

END OF LISTING

3673579 G

J{c:«_ x < 35

2.99



*SLCF
Example of use

oLD TEET
LIST

n
—
m
—~
m
N
=2

o
o
sl
-
=

4

L
A

RINT ' ', oF s
pize “ENTER X'
IHFUT

PRINT X, FHNALK)
GATS 24

[N R =]
% @

T TN
[ OO S

EMD OF LISTING

LINK *5LCF.A

9E99 END

ELiM

adkx FGRMALLY CORRECT PROGRAN kk%

% FLxa

9 <}

1 SPTASS343
1.1 L7 RET
2.5 LASTS 10
3 LRES72A73
3.1 .5615339¢a

2.100 3973570 G



*SLLEGT

Associated Legendre PFunction of First Kind P (x)

Evaluation of the Legendre Function of first kind and

The value is computed by means of the recursion formula

Praafe) - {m-4) B, ()

Title
Purpose

arbitrary degree
Method

Rlx)=4 Blx)=x

P ()= (2m-4)x
Calling Statement PRINT FNA (N, X)
Parameter K Degree

X Argument
Global variables None
Listing

LG *SLLEGAH

LI3T
FILE

aa1a
aaza
BE3a
ah s
aasa
QABeaA
ana7cg
- AABA
aasa
a1ea
a113
2424
2138

DEF
LET
LET
FaR
LET
LET
LET
NEX
I¥

LET
5a7
LET
FME

*SLLEGT

FMALN. A1, P&, P1.F
P=Fd=1
Fi=i
K=2 TO N STEFP
F=CER+K- 1T P~ (K-11%FPB] <K
pP&=p1
Fi=P
T X
ti=1 THEN 128
Frix=pF
0 t3g
FH*=P1
HD

NS

EMD OF LISTING

3973570 G
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#SLLEG1

Example of use

2,102

LD +LERA

LIsT

FIie +LEG

GE15 #HEsd EX-2 30 1 HUGBER HUSHEBUBHAES
AErA PRINT

GHEEA FRINT TRE(20); "LEGERGRE FUMCTION OF FIRST KIHO"
Aged PRINT

gEsa PRINT L UDEGREE N, "27, "PINI LRI

BEED PRINT

BATR DISP “INPUT M. X'

Bosg INFUT H.X

a3 PRINT USIHG 48.M. X, FHAN, X2

aias GOTO 7

END OF LISTIHG

LIMK 5L LEGY. &

9999 END

RUH

wkk FORMELLY CORRECT PROGRAM wsks

LEGEHDRE FUNCTION OF FIRST KIMD

DESREE N b FLM3 X3
5] a,.083

1 1,88 g
2 9,849 £ [2)
z a.5a -8 @
2 a.71

F B.45

3 0,49

5 #.2%

5 B.54
18 (=" 7]
14 2.5
14 B.75
14 .29

3973570 G



Title

Purpose

Method

Calling Statement

Parameter

Global variables

Listing

FILE *SLLEGZ

LEF
LET &
LET
FOR K
LET @
LET &
LET @
HEXT K

LET Fix=g
GOTO 138

Frenh

END OF LISTING

3973570 G

LET Fi#=51

*SLLEG2

Associated Legendre Function of Second Kind Qn {x)
Evaluation of Legendre Function of second kind and degree

The value is computed by means of the recurrence relation

9, ()= 3 I (£
CD1(Ij = CQO CZ)' x -4

“n Q“(x)= (Zm-‘i)' x- 91_1(1) _(‘“'4)62;\-1-2(1')

PRINT FNA (N, X)

N Degree
X Argument
None

2 T0 N STEF 4
LEKHK -1 %R5%Q1- (K- 1) %0@) /K
=0}

IF M=1 THEN 129

2.103




Example of use

2.104

ALD +LEGZ

LIST
FILE

8313
vazs
ag32
gasg
gaseg
Bag2
Rare
waza
ea33
2188

+LEGD

: BHHR HEHHE. 44
PRINT

FRIMT TRE(29),; "LEGEHDRE FUNCTION
PRINT

PRIMT , "DEGREE #N*,"x'","@CHI (3"
FRINT

DISP MINPUT N.X";

INFUT #®. A&

PRINT USING 18, M. Z.FHALN, X)

GOTS 76

END OF LISTIHNG

L IHEK
334993
RN
Ao ok

*«SLLEGZ2,H
END

FORMALLY CORRECT FPROGRAN ##xx%x
LESESIGRE FUNCTIOR
DEGREE N X

a,eq
9,149
B.53
8.75
a.83
8.25

- DR

HEFREF. BB HHERBHBNS

GF SECOMD KIND®

OF SECOND KIMD

QNI EX]

B.8REAEIRAARED
W, 13335347731
B.543308 144335
B,372355874 528
-1.890838a02034a
~B.336146737034

*#SLLEG2

3973570 G



Title

Purpose

method

Calling Statement

*SLCHYF

Confluent Hypergeometric Function
Evaluation of the confluent Hypergeometric Function

The value is computed by means of the representatiocn

_%F @m o ox™
Mlabed=l G o
(y),, = 2 - ab
Vm™ 7y 0 45

PRINT FN4 (A, B, X)

Parameter See Method
Global Variables None
Listing

GLD *SLTHYF

LIST

FILE #SLCHYF

a1 DEF FHALA.E, X135, Q.0

gaze LET S=Q=1

geay For K=1 TO 1848 STER 1

6048 LET Q=gkX&ifl+k- 1] (TE+K-13+K)

BE5A IF RESLQ)<iE-14 TRHEM 3@

BEEd LET S=5+0

gavaE HEAT K

gREe LET Fi®=5

ae9B8 FHEMD

3973570 G
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Example of use

2.106

OLD +CHYF

LIST

FILE +CHTF

9a18 PREIMT YREO15F: "CONFLUENT HYPERGEOMETRILC
QEZH FRINT

gasa PRINT . "AESUNENTS"., "URLUE"

BE4E PRINT

BasSg PRINT * Av,m B, K UFNFOGHLEB.ADY
BBEO PRINMT

Boarg DIZP YIMPUT R.EB.R'YS

Bazd I[MPLT H.B.X

BE3Y FEINT A.B, =, FHF{A, 8, 1)

Bl GOTO 7@

END OF LISTIHG

LIHK
EEEE
RUN

PEEEd

*SLCHYF S F
EMD -

FORMHLEY COGRRECT PROGRON #+xk

FOMCTION"

COMFLUENT HYFERGEOGMETRIC FUNRCTION

ARGURENTS
B “
16 1
.2 .1
1.2 1
1.5 1

VARLUE

FHF CR. B, KD

*SLCHYF

3973570 G



Title

Purpose

Method

Calling Statement

Parameter

Global variables

Listing

GLD *SLGHYP
LIST
FILE +SLGHYF

Gauss Hypergeometric Fuaction
Evaluation of the Gauss Hypergeometric Series

The value is computed by means of the representation

. n
F(a.,b;c;xﬂ::zz £E%Ejé§kg_. {E}_

_ Tlgemy
{lj)"l—_ iy ! \é=a,, blc’
PRINT FNA (A, B, C, X)

See Method

None

Bd1y DEF FNACH.B.C.X)S5.4.K

BO28 LET &=0=1

8439 FOR K=1 TQ 12308 STEP 1
BEs8 LET Q=3¢ {A+K- 10« (B+K -1/ (K (C+K~-432
Be5e IF AES(RI<1E~14 THEMN S8

BEEE LET S=5+@
8078 MERT K
8428 LET FH4«=S
8838 FHEND

END CGF LISTING

3973570 @
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Example of use

LIZT
FILE

BE 18
[sl=pdsy
Qo3
aas8
B 58
[aisgs ]
Bl
Qa8
BB98

+GHYF

FRINT
FRIMAT THE
FRIMT

D251 VERUSS HYPERGECHETRICD SERIES™

PRIMT TABL(ZBI; "RRGUNENTS", , "UALUE "

FRINT

ISF "EHNHTER A.BLCLR'";

INFUT ALE

.

=

FRINT ALEB,CL®,FNSIR.B,C,XK)

GOTD &8

EMD OF LISTING

LIME #SLGHYP.G
5333 £ND

R

wdek FOMMALLY

tAn -

¥

Radn ) B Ry e

2.108

CORRECT

.
i n

Bt U B SR RN IR A

FROGRRAM stk
GRUSS HYPERGEOMETRIC SERI

ARGUMENTS

.
o Cn

)

(a) e - B

L2

q

inon s

ES

LR n

P
DN RN S

S

5
21
3

5

.

*SLGHYP

3973570 G



+SL3IF

Title Sine Integral Si (x)
Purpose To calculate the function

- .

o
Method An approximation serie is used

oo . 44

. -4
Si(xyoy EATE

=0 {2m+d}{zm+d}]
Calling Statement F = FNIZ (X}
Parameters X = Value for which function will be calculated
Global wvariables None

Return

Listing

The value of the function

GLD #SLSIF

LIST
FILE

[EESRERS
[R5 e
Ga3g
aEsa
ga5a
BaLg
eara
aesa
ag3e

Enp

3973570 G

oF

DEF FHAMMIK,S.Q
LET Q=d=Xx
FOR K=1 TO 1889 STEF 1

LET Q=-#pame (+K-1) # LIKFKT # (KK + 1) * (K+K+12 F
IF ABS(@)<1E-13 THEN 206

LET 5=5+@

HERXT K

LET FH#=S

FHNEND

<

LISTING

2,109



Example of use

2,110

oLD +5IF
LiaT
FILE +51F

gate PRINT

B8O28 PRINT TABC1515"5INE IMTEGRHL SIv

838 PRINT
ap4d DISFP “INPUT
9Bsg IRPUT X

geLd PRINT "SI0 . "¥=",FNARCX)

gara PRIMT
039 GOT0 49

END OF LISTIHG

LINK *SLSIF.H
3339 END
RUM

K

kdka FORMALLY CORRECT PROGRAM Ak

SINE

a3

INTEGRAL SI

34833387

1.3246835

t.nais13a

#SLSIF

3973570 G



Title

Purpose

Method

Calling Statemept

Parameter

Global variables

Return

Listing

OLD #SLEINF
LISTY

FILE #*SLCIHE

Cosine Integral Cin (x)

Calculate

t

Cim(r)=r9—5t— dt { fwcgr-l«ﬁ:r)

The routine uses an approximation serie

fu e
CU“.(IJ = ¥+ I:tg; —;giggsr

7 is the Enter Constant

F = FNZ (X)
X = Upper limit of integration
None

The value of the function

gl DEF FHRCRIE.S
BE28 LET S=Q=-H&i-%

Yoy FOR K=2 TO

1688 STEP 1

8858 LET Q=~Qakwxis (K+K~23 7 ((K+K-1) 2« CK4KI % [K+K3D
@3EE IF ABS(RI<CI1E-15 THEN 39

BE7E LET 5=5+4Q
BE3E NERY K

Bu%g LET S=3+L0GIKI+5.77215%649815E-1

8186 LET Fiix=5
g11d FHEND

EMD OF LISTING

3973570 G

*SLEINF
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Example of use

FILE rL NP

PRINT

(s
[ e
S T

PRINT

INFUT
FRrRIMT 00
FPRIMNT
LOTO «g

Lol B )

R D
Q0 Shln 4.
[l 7 g

O
(s

END OF LISTING

LIMK *=SLCINF.A
9399 0l
R

J N

GI=P “INFLT XY

’

FRIMT TAEC15),; "COSINE IMTEGRAL CLM

Hr=t FHALED

sakwe FORMALLY CORRECT PROGRAN dokks

2,112

CosiNE IMTEGRRL Ci

CEC 8 3= -9.%999933E+39
CIC .@@1 1= -6.3285395
CLL 1.008a998E~13 1=

COSIMNE INTEGRAL CI

CI{ .poesat 1= -13.23329%5
Cic .1 J= ~1.72V8R8%
CIC .5 3= PR - LY
LIC .75 3= LHE21E308
CIC 1 1= 3374@332
CIC 1.25 1= L 434308872
CIC 1.5 1= P = T =
CIC 2 1= L 42233883
Cl0 2.5 )= 28587129
CIC 3 1= = 19882375
CIC 18 J= ~4.5436433E~

#SLCINF

3973570 G



Title

Purpose

Method

Calling Statement

Parameter

Global variables

Return

Listing
LD *SLEIF
LIST
FILE #*SLEIF

by
]

Exponential Integral Ei (x)

To calculate

e ot
545(1)=f %.:CU'- %50
-x
R In
Edlz)=v+lux +§: -—
me4 MM
¥ = Enter Constant = 0,5772156649...
F = FNZ (X)

Inferior limit of integration
None

The value of the function

9318 DEFFNACKIE, QK

8az2e LET E=0=X

883@ FOR K=2 TQ 888 STEP 1
8848 LET G=0Q#%Xx {K-1]1 (KxK]
3@5d IF ABS(WI<1E~-15 THEN 84

g86@ LET E=E+Q
8a@7v@ NEXT K

8@80 LET E=E+8.577213566<9+L06G (X2

083@ LET FiHs=E
81@@ FNEWD

END OF LISTING

3973570 G

«SLEIF
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Example of use

2,114

SIHT " RSV LR)T
gazy LISP "ENTER &'

G838 INFUT
go4@ FRINT
BE5SE GOTO

=

S FHA UKD

el

EMD OF LISTIHG

LIMK ®5SLEIF.H

33993 END

RUM

wxckd FORMALLY CORRECT FROGRAN

X F xR}

-1 ~1. 8225128
-]

1 1.835114178
1.7 3.91293832
2 4.354234
5 N

v

wkokk

*¥BLEIF

3973570 G



*SLEINF

Title Exponential Integral Ein {x}

Purpose To calculate the value of

-t

tom (x) = [ £ db s lbax

where

Y = Enter Constant

Method
‘I‘b’h.
Eim (2)= Z{) ,
M0 mem

Calling Statement F = FNZ {x)
Parameter X = inferior limit of integration
Global variables None
Return The value of the function

oLl «5LEINF
LIZT
FILE #SLEIHF

@318 DEF FHRACKIE.W.K
9BE28 LET £=0=-X%
98338 FOR K=2 TO 1@ed STEFR 1
Ba4sg LET @=-G+x# (K-11 7 (KK}
go58 IF AB5{RI<1E-15 THEN 32
gaed LET E=g+Q
QBTH HEXT K

goe LET Fi#=E

(SIS
535 FHEND

mm

END ©F LISTING

3973570 G ' 2,115



Example of use

2,116

LD YEST

LIZT
FILE

aaas
Ba 19
B9z
BaZ8
848
ae58

TEET

PRINT

FRIMT > ®","F(a)®
DISF “ENTER RX':
INPUT X

PRINAT R,FHAAD
GOTO 29

END OF LISTING

LINMK «SLEINF.R
9539 END

RUHN

*rok# FORMALLY CORRECT PROGRAMR ##uor

Frxd
~9.7554538E-92
- 19842838
-. 73653365
~1.9327004
-1 3192834

~1. 6335753

*SLEINF

3673570 G



3. SOLUTION OF EQUATIONS

#SLBAIR Finding zeros of a real polynomial using 3. 3

Newton-Bairstow algorithm

#SLRBIS Zeros of scalar function using the bisection 3. ¢
algorithm

#SLMULL Roots of a complex polynomial 3.11

#*SLNLIN Solution of a non linear system 3.17

3973570 G 3.1






Title

Purpose

Method

Calling Statement

Parameters

3973570 G

+SLBAIR

Finding zeros of a real polynomial using Newton-Bairstow

algorithm

The routine calculates real or complex zeros of a polynomial

with real coefficients

A quadratic factor of the polynomial is determined, then
the zeros of this factor are computed,
Let f{x) be the polynomial, g,(x) an approximation to a

quadratic factor of f{x):

N n -y
fix)s a, x™+a,  x" Tl a,

QK(I)-’ x*- P - 9

Oy (%) is found by

Pr+q = Px+ dp e = qu +49

with

4]9 - bocz - bycy 4g = 51(51'54) - bocz
C%_-Csfr_,—b.,) i Cz‘cs(cq'b{)

b= by R S

O K1
C‘K= Ck-i—-i FK -+ C'k-H qk'l'-bk:

Coiq= Cmez = Byyy= by, = O

The algorithm stops when
i) idpl and IAcii<E

E: user~-defined tolerance

2
27 Py ® 7 Yk

is said to be the quadratic factor
or

ii) more +than Z iterations are made without finding a

proper factor

Z: user-defined max. number of iterations

I' = FNA (X,Y,E;Z,R)
X : first approximation for Py
Y : first approximation for @
E : tolerance

3.3



#3LBATR
Z : max, Number of iterations

R : deflation: 1 (YES), @ (NO) {see 'option!')

Global wvariables

Input b Degree
E () Vector of ccefficients
Qutput i) Roots R1 roots of the polynomial if they real
- R2 roots of the polynomial if they real
or '
R1 real part
R2  ABS (imaginary part}
if the roots are complex
i1} Value P1 Real and imaginary part of the value
P2 of the polynomial, computed for the
roots found
iii) Factor Fl
F2 the last computed values for pj,qk
Status values FN == -1 no solution, the polynomial is degenerate
FN = # no solution possible with the defined starting
values

FN = 1 only one root: Rl, R2Z is d@
FN = 2 two real roots

EN = 3 two complex roots

Option: If R = 1, then all roots are computed, the original
polynomial will be destroyed during computation.
If you need it for other computation you should shave

it in a data file or in an another wvector.

Listing
157
ILE #SLEALR

DEF FMRAIA.YL.E,Z ,RIFLG:G1,G2, 1,3, T,78.71
IF LB THEN 10

. LET FHe=s-1

GaTO taz

IF Dx1 THEN 28

LET R2=3

LET Ri==-Z0tr-nulld

LET FHe=1

3 5aT0 152

I =2 THEM 28

LET H¥-E{ZI-ECZ]

LET ¥=-EL1]-EL32

GOTO 28

FOR I=1 TO Z 3TEF 1
2938 LET F=@1=0=5G1=0Z=8

3.4 ) 3973570 G



rrrm
— 4

-

LR

A

™

Lo

R At . A il A S
FOT T MY TR R M T

WO Y

[N B B U O ]
PR

LR O A

ga3s
ea32
Qese
83z
ea9s
Qee o
ao3a |

T
- A

e
PITT QM T MO MmO

Fd

LE
1124 LE
3133 LE
G132 LE
813a FO
BiZe LET
2133 LET
988 LET
aisl LET
dias MW
146 RET
@i43 LET
S0 LET
€152 FHE

gD CoF LISTING

30673570 G

¥ SLBAIR
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Example of

Lo AR WO RO R B RN

G1od
aiig
a1za
3135
gi4d
1354
Q169
o179
[P Rbe]
3133
EIng
Bon
2228
|shedoiss
[pes
3230
jajed=ae}

a7y

Lo W O W o

(] b Gl ol op LB B
[ S T RS v 2 ]

A

3O D R

Do

AU A R )

=

.
a4
@4
84
35

(AT R Rt I I B

use

el

[ W B I 2 e & e e e L B e e L |
B i T T

p =
34

4

L IO T T s TR e By B 1 M s BV e s
ol R
— T T A ) L e T
A TCmo M
e e

WM e
O b rea
oo

P
[id

-+

== 0

9 DO ra O T e T e BT e

RIS M

e

o1
o

.y

PR R B S
VAT T

FEINT
FRINT

FRINT “WALUE

0T

iT

3F

"

TOLERAHNHCE'

HUMEER OF 1
DEFLATION™S
&

"TOLERANCE

THEM 123

TERATIOHSY,

“SES" ITERARTIONS

COIFLATIAON RESUESTED!

[}

TH -

g R
esl

[Tyl
[ R I T i BV T S CARh B
]

+

IMTLCD+13-2) STEP
S IMATION P.@'™s

E,Z2.R3

s
13,37, 250,430

FOLYHOMIAL"Y

VET!

"
.

“TW0 REAL ZIF05VLRILRZ
YERCTSORS .t 02

-y

IF R=3 THEM 2333

PRIFT

HERT

I

EMD OF LISTING

3:6

VL FLPZ

S eopoar
PEEI. Y

1

# SLBAIR

2973570 G



# SLBAIR

LIMK +SLERIR.H
933 EMD
RUN

#dke FORMABLLY CCSEREDCT FRAGRAR 4044

]

DEGREE OF POLVHIMIAL = 4

O oo

TOLERGHCE = 2831 ITERATIOHNS = 183
CEFLATION REGUEESTE

TWD REAL ZEROES: 1 -1
FHACTORS: 5} 1
URALLUE: B 5}
TW3 CONMPLER ZERDES:

5] i

2 -1 i
FRCTORE: 8 -1
UALUE: g B i

3973570 & 3.7






*SLRBIS

Title Zeros of scalar function using the bisection
algorithm
Purpose The routine calculates a root of scalar functions by

bisectioning a user-defined interval. The function must

be defined by DEF FNA (X} (multi - or single line).

Method Let £ (x} be the function, [a, b] the starting interval
and E the tolerance.
The real number x is said to be a root, if one of the

following conditions is fulfilled,

1) fix) = ¢

or

2} i) x= (at+ b') / Z,
ii) [at,b'] ¢ [a,b]
iii) £ (a') » £(bt) < ¢
iv) |at - b'| <E

The interval [a!, b'] is found by continued bisectioning
of the original interval {a, b].
Let ¢= {a+b)/Z;[a, c]l a [e, b]

will by taken as the new interval:

i} £f(a « £{c)> ¢ - a:=c
b =b
ii) f(a) « £ (c)< B a: = a
b:=¢

If f (a) * £ (c)=@,a root is found.

Calling Statement F = FNB {Q1,Q2,E)
Parameters Qi, Q2 : Interval -~ limits
E : Tolerance
Return Values FNB = @ : a root is found
U = value
FNB = 1 : a pole is found
U = 9.99999 E 63 (dummy value)
FNB = 2 : no or a even number of roots
U = .9.99999 E 63 (dummy value)

3973570 G 3.9




o
aq iz
[N
ST
a2 13
aota
gQaz .
O224 O SOMOITHOCHIIEFNARCR32Y+2 GOTO 49.26.3
AE2E IF FMATRUICD THEM 32

8823 LET d=01

3238 G3TI 5«

gezz LeT U=4aZ

9u3s GOTd 34

gaTe LET J1=43

3u3g
¢a=9
ga=2
|ass
Ad4E i
3343
Q352 GAT0 3%

O352 LET U={21+233 -2
@54 LET FHe=g

gase FHEUD

MGTHE", REE02-01
CERET THEN I3

e

Motz
=@ THEM 52

EHD OF LISTING

Example of use

FILE +EISET

Hatg RATIAN FOR THE SISECTION RALGORITHM
HEDT LIMITZM;

oI

2340 H

qo5g iT CLINITE. L at, @l

[ipui-yx]

AT -5

aases Hou

aesa WYZ=EaP (R +3

EMD OF LISTING

LIHY +5LREIS.E
3933 END

UM

wme FORMALLY CORRECT PROGRAN #oxs
LINITS: o 120
SOLUTIGN: 2.74268551

*SLRBIS
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*SLMULL

Title Roots of a complex polynomial

Purpose To find one or all zeros of a polynomial with

complex coefficients

Method Let p{x) be the polynomial.

The methed is a quadratic Lagrangian interpalation:

let %, gz, Xp_i; X, be three distinet points, i.e,
three approximations of s,

s zero of p (x).

A quadratic is deawn through these points, the peoint
closest to zero is taken as x4

Stopping criteria:

1) Impey - x| <E,

E : user-defined tolerance
ii) P(xn) = ¢J
a zero is found : x,

1ii) the coefficients of the gquadratic are zero :

the gquadratic is degenerated and has no zero

iv) the number of jiterations is larger than T,

T : number of iterations, defined by the user.

Calling Statement F = FN&~° (X@, Y¥, T1, E, Z)

Parameter x4 approximation for the real part
Y@ approximation for the imaginary part
1 maximal number of iterations
E H user-defined tolerance

: Z = 1 all zeros are calculated with one
starting approximation

Z = § only one zero is computed

Global wvariables
input R1 degree of the polynomial
E{) real part of the coefficients

F() imaginary part of the coefficients

3973570 G 3.11




output

calculation

Status value

Listing

B()
()
z9

G(}
()

2

#SLMULL

real parts of the roots

imaginary parts of the roots

number of roots

may not be used outside the function

= oy
- ¢
= 2

degenerated

zera(s) are found

no solution with I} iterations and
tolerance E

ceefficients of the quadratic are zero,

3973570 G



*SLMULL

< R R L

Do

SR~ - I

DR D

R

PR

e

~GLEEIIeL
-G{2I12

Fe030341-5503300

QLN oURTON U

197 +13+5 0311 -G IEGT
I+ 13 -GISSIH0G0ZAI 45
(0233 x8 THEM 21
3 Jr=9 THEN 3212

(Ol O

3973570 G . 3.13



*SLMULL

e
L i
[

ET .- PSR-l

o o L

cT - L

€1 5

crT -1

e m
o e o

R}

TN
=~

)
3
o

(RN S

k-

I S T S el ST S

Mo rmm a ey e m s

-

i

r
o
— e e e e

—

Giad 1=R1-1

C3-8 GOTO 18

£ mEw EUALIATICH
© LET Ui=ECR1+1]

LET H=Fi= 1417
Fore I=R4 T3
LET L=ts

o D T

MO OF LISTIHG
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#SIMULL

Example of use

wi IE I R
s
5 T
2 T £
o 1 =
T E
T o7
4T
HT
I=1 TER
[N
FrL
1
HEE

I} =

[} L

o LE
Le
3

3973570 6 3.15



*SEMULL

Some remarks:
The program + MULL calculates first the coefficients of a complex polynomial from roots,

then the roots of this polynomial are computed by the routine *SLMULL

oy

"

DR ]

3.16 3973570 &



Title

Purpose

Hethod

Statement

Parameter

Global variable
Input

OQutput

Status value

3973570 G

«SLNLIN

Solution of a non-linearp System

To calculate the solution of a gystem of non-linear
functions, The functions have to be defined by the

function FNZ (see remark of the end)

The solution is found by Newton - Iteration:

Let X, an approximation for the solution-vector

X. The i-th approximation X; is calculated by:

(1) Xy = Xi_1 -~ A *F (Ki_i) s 121

with:
F : system of functions
A gt
J (x} : Jacobi-Matrix of the System F;

(1) is equivalent with

Now the linear System (2) is solved for (ii - ®i-1)

by means of the Crout - Algorithm,

T = FNA (¥,X,E)
N = order of the system
== number of iterations
= tolerance
X () Vector of approximations
F { ) array of functions
X () seolution vector
F () vector of the values of the functiens
FN = @ Solution
FN = 1 no solution with N iteration and E tolerance
FN = 2 Jacobi-Matrix is singular
FN = 3 Algorithm diverges




REMARK':

Listing

#*SLNLIN
Let £y (xy,e000c; xy)s £2 (Xpsannss XN, wvay
i (X1;4000, %) the functions:

The system has to be defined the following way:

8000 DEF FNZ (X)
go10 F (1) = exp {x(1), .o, x{¥))
go20 F (2) = exp (x{1),...,x(N))

8 ... F (N} exp (x(1),..., x(N})

FN* = @

FNEND
The values are calculated by the statement

T = FNZ (@)
When the functions are defined in this way, the
functions can be used outside the routine too.
"exp" means Expression, not the exponential

function. (see ex,)

3973570 G
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g T

.19
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#SLNLIN

Example of use

o

VT ey TV pg

3.20 3973570 G



*SLNLIN

3.21
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*SLPLYF

*¥SLLAGI

*SLFTRP

#*SLFOUT

#SLLLSQ

*SLNLLS

_ %*SLPRON
*SLAITK
#SLSMDO

¥SLFSYT

¥SLPADE

#SLCSPL

3973570 G

4, CURVE FITTING AND INTERPOLATION

Lagrangian polynomial curve fitting

Lagrangian interpolation

Coefficients of Fourier Series to represent

discrete data
Fourier interpolation

Least squares curve fitting to user supplied

basis function

Non linear least squares curve fittimg to an

arbitrary scalar function

Fitting to a sum of exponentials.Prony's method
Lagrange Aitken interpolation

Least squares smoothing degree 0, 1, 2

Weighted least squares orthogonal polynomials

curve fit,
Rational function fitting-Pade approximation

Cubic interpolation

4.31

4.41

4.49

4.55

4,61

4.67

4.73






Title

Purpose

Method

3973570 G

«SLPLYF

Lagrangian polynomial curve fitting

To calculate, for a given set of n data points (xj,y;)

i=1,2 ... n, the coefficients of the polynomial of degree (n-1)
that passes through the given points

n-T
mz X

the n data points are used to determine the coefficients

Let plx) = an, =" 4o L ragxra, (1)

2,5 8] «ss ap_1. The Lagrange interpolation polynomial p {x)
which is appropriate for interpolation is the following:

.(34

P(J:.)= (r—xz)(:r.—xa)-- e '(I'x.'n..)

2, () (=, xm)

-x)(x-%2) - (X-xn-4)

{I“_I"l){tﬂﬂ._xz) < ‘(‘x.-“_—x'n.j) ’ 'j-h'

(2)

Each term in the right side of equation (2} can be expanded in a
recursive manner into a polynomial of degree (n-1)} in the same
form as eguation (1), If one defines:

"

A=y (xi-=i)

j:&

i
the ji-th term on the right-~hand side of equation (2) is:

[Tz -=p]

4
Jii
AL
Let
”
] . . -2
[:! (x-x.J): by, mns x"‘h,{.,‘;'m_z 2™+ 5.-_'4 'Jc+l>g,o
J#e

these bij can be computed in a recursive fashion by successively
multiplying one or more term. In particular, suppose for simpli-

city i>K + 1 and 1<K + 1<n, then:

Bpal = By 5 = vevs = By =0, Bk""Bl:Bo

are the coefficients of



Calling Statement

Parameters

Global variables

-input

~return

~work

*SLPLYF

8=

o

{x-x)

L]

J:
j#

which is the product of the first K-factors of
Kk

(x-x:)
:]:4 J
JHL
When B is multiplied by the Factor ( x- Xg & 1}, a new polyno-

mial B with the following coefficients is obtained:

‘

Be, = O
Blm-l == O

8oy = By

B|l< = By~ X erq Bk
EK—A = BK-Z.' X gea Bu-d
8:1 =. Ba - Xgad 84

B, = - X s Bo

In this way, each term in equation (2) is expanded and the coeffi-

cients are gathered by:

! 4

" . ]
Q_JiE —bﬂJ—LdL O<v < (m-d)

~

F = FNA {P)

P = Number of points

E ( ) = array of x-values {one dimension)
F () = array of y-values (one dimension)

G ( ) = array of the coefficients of interpolating polynomial (one

dimension)

H { ) = array of the coefficients of the development of every part

of the Lagrange's formula,

3973570 G



Status value # correct calculation

Listing

LIET

FILE

5]

T T
(LR EAT
40

v
™

[
BAREG
2319
aat2
8o 14
aa1s
i Ry
eaza
8322
2824
Baze
2923
B33
jad i ery
2a3is
2935
RE33
89048
8842
Ba44
2ass
B343
B3 59
52
8954
B3sS6
a3
[2L=]28x ]
[xI=T oy
BRES
21579
fHAE3
BATRA

W]

=%
=

e |
DA

ga7

Basa
sas2
|ass
aans
Rrag3
a33g
B39z
Bags4
9336

1 denominator = ¢

1 ¥O P STEP 1
FOR 4=1 T3 P STEF 1

IF I=+ THEN 28

LET Hif)==-E(1]

GO7T4 32

LET H{1)I=-E(22

LET C=1

LET H{2I=A1

FOR i=2 7O P STEP 1
IF HES{I-1)+ABS(J~2) =8 THEN &2
iF 1<) THEH a4

LET £=1

470 &2

LET T8=HL1]

LET HCtI=-ECJI*H (1]
FOR W=2Z 7O J STEP
LET 5=HIK]

LET H{KI=TA-ECJI*H(K]
LET To=5

HEXT K

IF o=t THEN B2

LET HTJ+1)=1

MERT 4

LET C=3g

LET R=1

FOR J=4 70 P STEP 1
IF I=4 THEN 74

LET R=R*(ELIJ-ECJY]
HEZT J

IF R<»3 THEM B2

LET FH#=1

GOTO 9%

FOR J=1 T3 P STEFP 1
LET GCJI=HCJI=FCIX R+GCJT
MNEET J

HEXT I

GOTO 94

LET GO1I=FC1]

LET Fli*=9

FHEND

EMD OF LISTIMG

3973570 G
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Example of use

LIsT

FILE

|e1g
Bs026

8033 DIN E(301.,F(381,60381 ., H38)

2aaa
2E58
apsa
Bagoa
ap3a
a8 3a
g1ga
Bi1a
8125
3139
B143
Bisa
2179
2138a
8194
aoea
B218
Azzy
Bz23a
A248
Bz58

RRFLYF

GCL 5 (P.I1
: HH#

FILES vy
FRIMT

SETW -1 70
EERD i, P
PRINT “MUME
PRINT

FOR I1=1 TO
READ :1.x, ¥
LET ECI11=%
LET FLIA) =y
PRINT USIMG
HEXT 11

IF FHNACPY=A
DISP "DENGH
GOTO 9333

PRIMNT TRE(291,"COEFFICIENTS OF FOLYNGMIAL

PRINT

FGR I1=P TO
FRIMT I1-1.
HEXT I1
GOTO 23399

END OF LISTING

LIMNK
3933

RN

*3LPLYF.A
EMD

1
84 HEEH

5

ER 0OF POINTS =

P STEP ¢

R’

28,11, ECT11,FC

THEM 298
INATOR=8"

1 STEP -4
GCI1d

HES.HEHS

i

I3

*#%x% FORMBRLLY CORRECT PROGRAH ###%

NUMEBER OF FOINTS

B W

W™~ TN =

n
o

3. 8833
4.088a0
S.aaaa
5,303
7.d0ga
COEFFICIENTS

-4.8RBABHRE 14
4, BASIGRAE~13
—-Z2.8H8R80RE-12
-3.309088BE-11
~2.0838803F-11
p
o
5]

[2=151=15]
1.8883

J
J

=
&

agm
53t

D= ARG T I

">

a
a
=]
2]
a
a

F NN

| s A O I IR R

o

a YHOMIAL {IN DESCENDIMNG ORDER)

(IN DESCEMDING ORDERI ™

*SLPLYF
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*SLPLYF

File VVVVy

Ao = first x- value
Bo = last x - value

N = number of points on data file

Xi = x value of point i i=1, 2 .04 N
Yy =¥ $alue of point i
i = weight value of point i

ExXE FLPRINT, uUuyu
a 7 = 4 5]
1 1 1 1 Z
- 1 3 El 1
% 16 1 ] Z5
1 & 36 1 7
43 1 A 5] @
i a 4 sl il
g 2l o 5] a
5] =] b 9 s
3 a g )

READY

3973570 G ' 4.7






Title

Purpose

Method

Calling Statement

Parameters

Global variables
~ input

- returns

Status value

+SLLAGI

Lagrangian Interpeclation

To interpoiate a table of values with a fixed increment by using

a kwon Lagrange interpolating polynomial

Fixed the lower and upper limits of an interval x; - x, and the

increment h, the routine calculates
Py, Pleyah) oo p{x,+ch) x+rhsx < x4+({,+4)ﬁ,

where P (x) is a Lagrangian polynomial

- N-2Z - .
F)(x): gy 1N4+CLH_ZI— +....,.F A, A,

fitted by using N data points (see *SLPLYF),

It is possible interpolate a single point if

¥ = ¥p
h = 1
F = FNB (Al1,B1,H1,N)

Al lower limit of interval
B! upper limit of interval
Hi increment

N number of Lagrangian coefficients

G () coefficients of lagrangian polynomial

0 ( ) array of interpolated points (one dimension)

P { ) array of Lagrangian polynomial values {one dimension)
Pl number of points interpolated in the given interval

Note -~ The routine uses a FNC function

3973570 G
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#*SLLAGT

Listing

LIST
FILE *5LLAGT

8@az DEF FMBCO1.81:H1,.MIX
aaes LET Pi=g

B286 FOR X=A1 Y4 B4 STEP H1
BAB3 LET P1=P1+1

Bdig LET GiF11=3

3312 LET PIP11=FNCIX.NY
BY14 HEXT X

8216 LET FM*=P1

G313 FMEMD

89729 DEF FNULH.NIT, )

8822 LET J=6G{M2

8024 IF M-1=8 THEM 32

8826 FOR I=% TD N-1 STEP 1
Baza LET J=)l4XR+5(H-1)

8838 MEXT I

BA32 LET FHu=}

8834 FHEND

END GF LISTING

Example of use

LIST
FILE RRLAGE

aate DCL S5 (P, I1)
gaza LA HHRH, HEHE U, HEHE
8238 OIN EL{29}.F (3a),GC38),H (383 .05(58).P (58]
a4l FILES Viuy
BBSE PRINT
2Rea SETW 1 TO 1
9F78 READ 1.R0.BA,P
2888 PRINT "MUMBER OF PQINTS =";pP
8833 PRINT
8123 FOR I1=1 TO P STEP 14
at118 READ t.¥.7.4
8128 LET EfIti=X
8138 LET FLI13=Y
8148 PRINT USING Z8.I1,E(I1).FCI13
8138 NEXT I1
28168 IF FNA(P)=@ THEN 132
28178 DISP "DENOMINATOR=@"
8188 GOTO 9399
9198 PRINT TABL20),"COEFFICIENTS OF POLYNOMIAL C(IN DESCENGING ORDER)
azaa FRINT
g218 FOR It1=FP TO 1 STEF -1
229 PRINT I1-1.GCI1)
a238 NBEXY I1
8258 FRINT
8258 FRINT TABCZE}: “LAGRANGIAN INTERPOLATIOH"
4268 PRINT
A273 DISP “{NT.CODE:1=FOINT,2=TABLE.8=S5TOGP";
a2&d INPUT R
8298 OGN R+1 GOTG 9999, 380,338
8342 DISPE “®":
8318 [MFUT R1

4.10 3973570 G



¥SLLAGI

8329 IF (R8-A11=(A1-B@AI »=8 THEMN 364

@332 DISP “GUTSIDE THE INTERUAL™;A8;"-";80
B339 LELAY 28

B3je GOTQ 388

8368 LET &1=a1

49378 LET H1=1

W388 GOTO 433

B398 DISP “INT.INTERUALIX1,XN) '

#4838 INFUT 81.B1

Ba1@ ISP “INCRERENT";

Bi2a INFUT HY

8433 IF At<dhg THEM 453

Bagqd [F B1<=BEZ THEN 489

8453 DISP "TRELE QUTSIDE THE INTERUAL';AA;"-";BA
ws6@ DELAY ZA

Be7a GOTQ 398

@488 DISP “LAGRANGIAN INTERP. IS RUNNING"
G423 LET Y=FNETA1.81.H1.P)

8359 FORE [=1 7O P1 STEP 1

8382 PRINY QLIX.P(I3

8319 NEXT I

B528 GOTO 2ra

£ND OF LISTING

LINK #5LPLYR.R
LINE ®SLLRSI.E

94933 END

RUN

*dkx FORMALLY CORRECT PROGRAM 4w

MHUMEER OF FOQINTS .= 3
1 8. B, Baag
2 1. 1.8803
32 2. 4 .80082
4 2. 3. 853409
5 M 16, Baad
£ S.
7 [E9
3 7.0828

+

1
[0~ B S I S S N

T b)) G iy

3973570 G _ 4.11



LAGRAMGIAM INTERFOLATION

INT.CODE: 1=POINT. 2=TAELE, B=STOP?
%

15

DUTSIGE THE INTERUAL & - 7

X

2

LEGRANGIAN INTERP. I5 RUANING

r4
IMT.CODE 1=POINT, 2=TABLE, 3=5TOP?

-
=

INT. INTERVAL (X1, ¥n3?

8,3

INCREHENT?

1

TARELE QUTSIDE THE INTERUAL 8 - 7

INT.IMTERUAL (41, XN) 7

8.z
IMCRERMENT?
W25
LAGRAMGIAM INMTERP. 1% RUNHMNING
5]
.25
s}
.75
1 PR
1.25 5863
1.5 2gaa
1.73 piep]
2 aa
INT.COUE " 1=POINT, 2 £,8=5T0P7
<}

¥SLLAGI

3973570 G



Title

Purpose

Methad

3973570 &

«SLFTRP

Coefficients of Fourier Series to represent discrete data

To compute the coefficients of Fourier Series to represent discrete

data equally spaced over the interval (0, 2 )

If a function f (x) is defined at a set of 2N equally spaced points:

I@; J;o+-&’ x, *-2%,

the transformation

x'z (%)j where j=(:_g_‘:io")

gives unit spacing and an approximation to function is given by

the sum of first M harmonics of Fourier expansion:

'fﬂ(té)= S0 +i (o.m cos mj+6m S = am )

?' ez N
where:
O0< Mg N1 for even number of observations
and QLML for odd number of observations

The user enters the maximum number of harmonics to be computed
and the tolerance used teo control the least squares errar,

The a's and b's coefficients are calculated by using the Goertzel
Algorithm, what gives a recursive method of, calculating.

It is necessary to deal with to cases:

a) 0dd number of observation {2N+1)

Let:
Co =1 So = 0
2w 2
Cl = cos Py 851 = sin o)
Ck+1 = € Cg ~ By S Sg+1 = CSg + S1C
Law of cosine Law of sines

the routine calculates:

Uan+2 = Ugyyy = 0

]

Uy = £(m) + 2C¢ Upy1 - Upeo

m IN, 2N-1, .... 1



*#SLFTRP

then:
2 \ -
Gy= W[‘F{OJTCK U«{ UZ}
1 _ 2 _
by =omd Skiy K=o, 4, N

b) even number of observation (2N)

Let:
CO:- A SO:O
E . om
C;‘ ;Coﬁ’ .S.{: M‘H'
Cpaa =€l - 545¢ o Skr= OySk +54Ck
Law of cosines Law of sines

the routine calculates

UQ_H = UZH‘PI = O
Uy = ‘F("ﬂ’\-)*‘?- Ci Umis ~Umasz

YL = EH"‘IZH—?_ R 'f

then:

agk=—j4-[f(o) + ckuruz]

b= 2 Sy, K=04,. ™

The least square error Ey is computed for each M, where 0 MSN-1
for even number of observations and0 <M<Y for odd number of
observations.Using only terms up to M, the least sguare error

or Standard deviation is given by:
2 M
Qs 2 1
En :Z Fl(lé}ﬂN [_é_+~;4 (am+bm)]
, =

By observing the behavior of Ey as M increases it is possible
to estimate the necessity of taking additional terms in the
Fourier expansion.

The coefficients are computed to order M or until the least

squares error is less than the given tolerance

Calling Statement F = FNA {(M,E,N)

4.14 3973570 G



*SLFTRP
Parameter M number of harmonics
E tolerance

N number of observations

Global wvariables

- input F ( } array of function values (one dimension)
- return G { ) coefficients ag {one dimension)
H ( ) coefficients by {one dimension)
E { ) least squares error at step 1, 2.., K {one dimensiocn)
Pl number of harmonics computed
Function value g correct calculation
1 coefficient not computed, because
N N1
M>p (P = 3 if N even, P = z if N odd)
Listing
LIS
ILE * L FTRP

gaaz DEF FMALM.E,MII,0,C,5.C1.51,U3,UZ,P.A9.F.Q

@ LET Fn*=a

gean LET F=9

2ee8 FOR I=1 TO N STEP 1

da1 LEY F=F+F CI1+F (1)

aa1z HEXT |

aa1s IF N-INT(M-23%2=1 THEN 29

QEte LET P=Ns2

RE13 GOTO 22

agza LET P=IN-11-2

gezz IF M<{=F THEN 23

8424 LET FN*=1

aeze GOTO 78

WiEZe LET

BaId LET

GAZZ LET CH=COS24«PI M)

B834 LET S1=SIHZ®PI/N]

8336 FOR P1=1 T4 M+t STEP 1

8E33 LET U3=u2=8

BY=a FOR I=N TG 2 STEFR -1

8852 LET UA=F [I3+24C*U2-U3

daa4 LET U3=U2

Baab LET UZ=U1

8848 MEXT I

Be38 LET GIPF1)=2/N%[F {12 +C*Jz2-U3]

QAL LET HIP1I=2/H*5#112
B54 LET @=01%0-57%35

BESS LET 5=C145+51%C

8053 LET C=0Q

8ok LET Ag=a

8862 IF P1=1 THEN 78

8e64 FOR I=2 TO Pt STEP A1

Ty
S T
[Ty

3973570 G 4.15



*SLFTRP

882566 LET A3=AS+GLII#GLII+HCII=H (I3
BE6E MERT I

8878 LET E{P1I=F-Px(G{il4«G{1]-2+A3)
8872 If RAEBSC(EIP1)ICE THEM 738

8074 MEXT Pt

BareFt1=F1-1

8avs FNEND

END OF LISTING

Example of use

LIST
FILE RRFTREF

@818 FILES ZZ222

8928 DIM GI21).HL213,EC(243.F(21),XL{21]
BB38 SETW 1 T0O 1

ga483 READ :1,H.,B.H

agsa LET D=(B-R) - (H-1)

aasad PRINT TASCi15)s " DATA POINTS UVRLUES™
8arva PRINT

gasa ForR =1 TO N STEP 1

ae3d RERD 11, XII),.FCI).W

8199 PRINT [.ACL3.F {12

#1418 IF X (I)=A+{1-1)1+0 THEN 148

@128 PRINT "ERROR:UNEQUALLY SPRCED DATA"
@133 GOTO 2393

168 NEXT |1

3152 DISP "TCGLERANCE';

8183 INFUT E

@173 DISP "# OF HARMOMNICS';

8188 IMPUT H

B19a LET R=FMNRM,E-MNJ

a2ea IF A=1 THEM 2346

A71a FRINT TATO18)"COEFFICIENTS OF FOURIER EXPAMNSIONT
8229 PRINT

8232 PRINT TABC143. “A-VECTOR B-UECTOR L.5&.ERROR"
Az4@ FOR I=1 TO P11 STEP 1

B258 PRINT 1-1,GLI2,HCI]-ECI]

az2e8 MEXT I

827a GOTH 9393

248 PRIMT * TOO MUCH HARMONICS @ ft=":{1
8298 GINTC 17g

EMD OF LISTING

LINK *SLFTRP.A
9999 END
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#*SLETRE

fUY
wx&% FORMALLY CORRECT PEOGRAN #éks
DATA  POINTS UGLUES

1 @ a
z 1 t
3 z 2
4 2 z
3 4 4
= 5 5
7 6 4
3 7 3
E ] z
1a 9 1
14 t@ a
12 11 -1
13 12 -z
14 13 -3
15 14 -
16 15 -5
17 16 -4
12 17 -3
14 13 -z
26 14 -1

TOLERANCE?

a

% OF HERMGHICS?

15

TOO rucH HARMONICS - H= 15
% OF HBRMOMICS?

3]

COEFFICIENTS OF FOURIER EXPANSION

R-UECTOR B-UECTOR L.5&.ERROR

1 a &
1 -5, ARaEagaE-11 4. 3863453
Z 2] 5]
3 3. —.a5513408
4 a
3 1
[ -3,
v -1,
2 Al 5
E 2,4000880E-12 - 18258356
18 Q -1.180048dE-12 2.20080088E-99
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#*SLFTRP

Ao Bo N KI Yl Wl Xz Y2 Wo - -
File ZZZZ
Ao first point on data file
Bo last point on data file
N number of points on data file
X; x value of point i i= 1,2, « +» « N
Y; ¥ value of point i
W, weight of point i
EXE FLPRINT,ZZZ2Z
B 13 2a d 3
1 1 1 1 z
= 1 3 2 1
3+ 4 1 5 M
4 o @ 1 T
E 1 3 z 1
E 1 ! 13 i
1 11 -1 1 12
-z 1 13 -3 1
14 -4 1 15 -5
1 18 -4 ! 7
-3 1 13 -z 1
AR -1 1 [ a
REARDY
4,18
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Title

Purpose

Method

3973570 G

+SLFOUI

Fourier interpolation
Evaluation of the Fourier approximating expansion

Known the coefficients of the Fourier expansion approximating a
function (see %*SLFTRP)}, this expansion is calculated for a set

of arguments (table) with a fixed increment:
al, al+d, a,+2d, ..... a,+kd € bl

If a =b and d =1 the expansion is evaluated for a given peint
only.

The arguments may be entered in various ways: in radians, degree
and in the original units or with unit spacing.

The relationship between the various scales may be seen as follows:

a) odd number {2N+1) of observations over {0,27)

. original scale

x
X, Xgh LFIh Ef3h _ xgabh xornek
where h = space between the observations (see #SLFTRP)

. unit spacing

YO 4 3§ ' IN ON+4

« radians

a
DL T AN Sx
ANrd A AN+

. degrees

2 O 360 Aibed) IN-30 360
hed FN+A N+

b) even number (2N} of observations over (0,27 )

. original scale

8 X, Kb owish xF(N-h x;.w-k

. unit spacing

Yo 4 3 YL
. radians

a

ERr G-z 3
O A N

4.19



*SLFOLT

degrees
¢
0 360 Aleod @aN4r360 340
AN TN AN
Calling Statement F = FNB (T, Ao, Dy,Al, B, Hy, N, M)
Parameters T scale code: 1 = original
2 = unit spacing
3 = radians

4 = degrees
Ao x-value of first observation
Dy space between two successive observations
Ai lower limit of set of arguments
By upper limit of set of arguments
Hy increment
N number of observations

M number of harmonics of Fourier expansion

Global variables

- input G () Fourier coefficients for cosines (one dimension)
H () Fourier coefficients for sines (one dimension)

- return 0 () array of arguments (one dimension)
P { ) Fourier expansion values (one dimension)
P2 number of calculated arguments

Status value &

Note - The subroutine use the funetion FNC
Listing

FILE *3LFOUI

fEA2 DEF FHECT.R.D.A1.E1, H1, N, 11 %
@304 LET F2=8

@8a5 FOR ¥=31 TO 51 STEF H1

0aas LET P2=p2+1

BEA ON T GOUTO 12.16,28.24

8812 LET PLP2I=FNLLX,HN.MN?

8e14 GOTO 26

8016 LET PrPZI=FHC(X-8-D.N.M
8818 GOTO 26

4.20 3973570 G



8856
@a 53
=111

LET PLP2I=FNCOX&NACZ#PIT, N, M)
GOTG 26

LET PLP2I=FHC [X=N/368,N,M)

LET §iP21=%

NERT ®

LET EN#=4

FHEND

DEF FMCCA ML HIC,ILP

LET P=N-2

IF N-INTiH-2)%Z=0 THEM 42

LET P=(H-13-2

LET £=5GL1) 72

FOR I=1 TO M+1 STER 1

IF ABS(M-IMT(NH-21%2)+RBSLI-P-11¢»3 THEN 52
LET £=C+GCI1/2«C05 7 PI*X)

GOTO 33

LET C=C+GRI1«C05(IE~43#24P I/ H*X]
LEYT C=CH+HRII®5SIN{LI~13 #2%P [ N*X)
NEXT I

LET FN%=C

FHEND

END OF LISTING

Example of

[EREEE
a11a
8128
B13a
g1aa
2158
2163
B1¥w
2138
g13a
gzaa
8z1a
BzIa

238
az4a
Bzaa
|53
Bz7a
BZEQ
B2943
8369
831a
8328
8338

3973570 G

use

RRFOLI

FILES 22Z2

GIM GUZ13.HL{213,E(21),F(21).4(24).0(58).,P(58)
SETW 1 TO 1

RERD “1.8.EBE.H

LET B=(B-A)riN~1]

FRINT TRBC151.' DATR PGINTS URLUES™
FRIMT

FOR I=1 T3 N STEP 1

EERD 1. X071, FiTd.u

FRINT I,4C1).FCL)

IF X{IX=A+C{I-10%D THEN 128

FRINT "ERROR:UNEQUALLY SPACED CGRTR"™

G070 9393

HEST 1

CISP "TOLERANCE';
IHFUT E

ISP "# OF HARMOMICS';
IHFUY R

LET X=FMACHM.E.NJ

IF ¥=1 THEN 2886

FRINT TABC1@Y: "COEFFICIENTS OF FOURIER EXPANSION"
PRINT

FRINT TRBC14), "A-YECTOR B-VECTOR L.S8.ERRCOR"

FOR I=1 TGO P1 STEF 1

FRIMT I~1.G({I2.HCIJ.ECI]

MEWT I

GOTO 288

PRIMT ™ 70O MBCH HARPMOMICS © nM="inN
GOTO 178

PRINT

PRINT TAB(28),"FOURIER INTERPOLATION"
PRIMT

DISP "POINT=1.THBLE=2,STOP=8";

#SLFOUI



4,22

B348
83+5
8358
8363
8378
g3%8
83948
3409
3414
B4zZe
8430
a4s

g4 5@
B256a
8y7e
8475
5o
8s9a
Bs6a@
8318

INPUT R

IF E=8 THEN 9393

DISP "INTERPOLATION CODEC1-43%:
IHPUT T

oM R+1 G070 9399.388.,438

ISP “ENTER X-URLUE™;

IMPUT a1

LET B1=8A1

LEY Ht=1

GOTD &3¢9

DISP "EMTER STARTLEND & IMCR.™;
INPUT R1.51.H1

FRIHT TABL291:"INMTERPOLARTIGH INTERUAL=L®™;RA;"-»:g1;°3"

FRIMT

DISP " FOURIER IMTERP. I% RUNNING™

LET Y=FMBLT.A.D,A1.81.H1, N, P1)
Far I=1 70 P2 3TEP 1

PRIMT GCIJ.PLI3

MEXT 1

GOTO 338

END OF LISTING

LINK *SLFTRP.A

LINK *#5LFQUL.B

9393 END

RN

***% FORMALLY CORRECT PROGRAH #xax

DATA FPOINTS UALUES

1 5] a
2 k| 1
k] 2 2
4 3 3
S “ &
1 5 5
3 ] 4
38 7 3
E] g 2
1@ El 1
11 1 [}
1z 14 -1
13 12 -2
4 13 -3
15 14 -4
16 15 -5
17 15 -4
18 17 -3
19 18 -2
2@ 19 -1

TOLERAMLCE

2]

# OF HARMOMICS?

19

#¥SLFOUL
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*SLFOUT

COEFFICIENTS OF FOURIER EXPANSION

A-UECTOR B-UECTOR L.5G.ERROK

2 o] it rra
1 -8, GA9aR98E~11 @
z 5] .
3 A, #A398eaE-13 =1
4 5] L EE
5 1. 124 )
& -9.82¢¥7387E-14 .25
7 -1.6300338E~12 13
2 g o
El 2. 508308k -12 2.4
193 B Z.

FOURIER INTERFCOLATION

POINT=1., TABLE=2.5TOF=87

1

INTERPOLATION CODEC1-4172

1

EMTER X-URLUE?

a

FOURIER IMTERP. IS RUNNINMG
8 ~4.F3B3ZTBE-11

POINT=1, TRRLE=2,5T0P=@7

1

INTERPOLATION CODEC1-417

2

ENTER X-~UALUE?

FOURIER INTERFP. IS RUNNING
2 Z.gaagdngd,
POINT®1, TRELE=Z.5TORF=07

1

INTERFOLRTION CODEC1-427

3

EMTER <-URLUIE?

I.iwths

FOURIER INTERP. IS RUNNHING

3.14159 3. 74305333E-@6
PGINT=1, TABLE=2.,5T0F=1"7

4

INTERPSLATION CODET1-437
4
ENTER ®-UALUE?

24a

FOURIER INTERP. IS RUNMING
99 5.08003B3
POINT=1,TABLE=2,5TOP=@7

2

INTERPOQLATION CRDEC1-417

2

EMTER START.END & INCR.7?
a,2e,.5

3973570 G . 4.23



4.24

FOURIER INTERP.

=]

. . on
(2] ] in

n

.
o 4]

L

-'~LOuJD)O)‘%‘U'J"U‘LI‘IUI-l‘»-P-b}bJNM»-u..-\':
(¥, ]

& o+

19,5

IMTERPOLATION INTERUSL=[ @ - 28 3

.54%4115,

1 G3E7+19

.BBEQQBB
LBEZAEA2

. BaRgRaR
LSEE5374
L GRBEEeR
L4457413
. GBERAR9
L3435 1164

4. 717AF2Z2E-11

“e5w941159

-2.566537%
-3.80358209
-3.48945982
-4, U0aa003
-4.68;33@8

3. ﬂﬂ@%uu@
-2.5665374
-2.2802068
~1.4457543

-1, aa3asa0

=, Gu3altog

—4.7363278E-11

15 RUNNHING
5. P3RBI7IE-11

*SLFOUT
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Purpose

Method

3973570 G

+SLLLSQ

Least squares curve fitting to user sepplied basis function

To determine the combinations coefficients of an approximating
function, which is a linear combination of user supplied basis

functions., The standard deviation is also computed

Let (x;,¥y;) 4 = 1,2 ,,. N a given set of data, which does not
exactly represent the underlying function £ (x), The problem is

to minimize

(A
E=,§: (”a'“' gr ["LD
where

31.(( ;.ZD“‘(J(I Kz b

J-

is the approximating function of f (x) and £j (x) is a user
supplied basis.

The determination of the aj's is by solution of the normal equa-
tions by Crout's method.

There is no limit to the size of the data sample, but at most 6
basis functions may be used,

A common method to minimize E is to set equal to zero the partial

derivates of E with respect to parameters a In this way one ob

5o
tains a linear system of K equation in the X unkowns 41,82, 000 A

i o (i L) T, (IJ) =.}i g fal=d)

]#4 A Lo
5o [ gheana) By g e

M

J}io, iﬂ Iu)fkl)) Z D)

Lsd

This system, which has the coefficient matrix symmetric, is
solved by the Crout algorithm,

When the system is solved, it is necessary to decide if the set
of found coefficients a; 1 =1,2 ... K'gives a good approximation
of the function £. A measure of this is the standard deviation

or tolerance defined by



Calling Statement

Parameters

Global variables

~ input

- work

~return

#SLLLSD

By considering successive values of ¢ at each step, it is possikle
to evaluate the effect of the addiction of each new function.

The coefficients a; are computed to index K (K< 6 = number of basis
functions) or until ¢ is less than the given tolerance. If the
defined basis contains two or more functions linear dependent or

if oné or rnwore function are equal zero, the subroutine execution

is interrupted (status value = 3) because in this case the linear
system cannot be solved: it is therefore necessary to change the

basis.
F = FNA (N1, ML, S¢)

N1 number of data points
Ml  number of basis functions

8¢ tolerance

E () x-data values {one dimension)
F () y-data values {one dimension}
0 (6,6) normal matrix coefficients {used in system resolution)

R (6,8) normal matrix coefficients

H (6) right-side in normal equations
G (6) idem (used in systel resolution)
P (6) control vector

0 (6) basis coefficients

P standard deviation

P2 number of used functions

Note- The basis function f; (x) are defined as elements of an array. The following steps

are necessary to fixe a basis:

- «call the user program

-~ link this program with the subourtine (LINK #5SLLLSQ,A)

-~ fixe the basis with these statements:

574 ¢ (1)
576 G (2)

4.26

[

1th basis function with variable x expressed as E (I)

2nd basis function with variable x expressed as E (I)

3973570 G



578 ¢ (3)
580 G (4)
582 G (5)
584 G (6}

run the program

I

[l

3rd basis function with wvariable
4th basis function with variable
tth basis function with variable

6th basis function with variable

expressed
expressed
expressed

expressed

as

as

as

as

E (T)
E (1)
E (1)
E {T)

data points number « basis functions number

the normal system is singular {change basis)

Status values 0 = reached tolerance
1 = not reached tolerance
2 =
3 =
Listing

LIST

FILE #SLLLSR

ganz DEF FHACHT, Bt 383 T, M,AK.I.4,02,03,5,E, L.

Boaa IF M1>=H1 THEN 1@

angis LET FH#=2

gwaz GUI0 2238

ga21a LtET 7=9

8812 FOR nN=1 TO M1 STEP 1

8915 IF M<1 THEMN 18

grte LET T=1

8813 LET R=a

Aara FOoR K=1 TO M4 STEP 1

BEZ2 LET RIK.M)=0

BB24 NEXT K

68z25 LET HM{N}=8

ABzZ3 FOR I=1 TO Ht STEP 1

aaia LET R=A+F LI «F LI]

BE3IZ GO5UB 212

Qi ls FOR K=1 TQ M STEP 1

RAZE LET FIK,MI=R K, NI+GIKI =G (NF

N33 HEAT K

ga4a LET HI{N)=HOMI+F {13#G(H]

BBw2 NEXT T

Rdgae FOR I=t TO M STEP A

angh LET NCIT=HITY

FASE LET FLIX=]

@ase FOR J=1 TO I STEP 1

BAa52 LET G(1.J¥=gLJ,I3=R0J. 1]

BASY HEXT 2

BASHE MEXT I

gas3 IF M<>1 THEM 7@

gael IF 001, 11<>8 THEM &b

832 LET FH¥=3

dass GOTO 223

gg6e LET QOPI131=0PL113-,301., 1)

a@es SO070 468

Be7S FGR I=1 7O H STEP 1

g7z IF I=1 THEN 38

8874 FOR J=1 TO N STEP 1

#4a76 LET 5=82

8e¥s FOR K=1 70O I-1 STEP 1

AE2A LET S=S+a (PO KI«D0P ) L I

RAR2 NEXT K

eAas4 LET @iPLJI, I3=8P{Y,10-5

aase NEXT J

8858 IF I=N THEN 134

898 LET E=ABS(R(PLIJ.I1]

Aa92 LET L=FLI}

aE34 LET B=1

gaas FOR J=I+f TO N STEFR 1

82398 IF ABS{G{P(JI.IX1I{=E THEN 186

3973570 G
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4,28

81a@
2182
8104
8145
2193
at1a
3112
a11s
a116
3113
g120
a122
8124
2126
a123
2133
R132
8134
8135
8138
8142
3142
ERETS
8146
8143
8158
8152
8154
8156
8153
8168
8162
8164
Q185
@163
9179
8172
8174
8176
a173
8154
8122
a184
8135
91383
2199
2192
a1as
A136
@198
8209
9282
8234
8265
@263
8218
8212
8214
8216
8218
0228
@222
@226
8226
8223

LET E=ABS{RA(PCJ}.IX]

LET L=PCJ]

LET ti=J

MEXT J

IF E<>3 THEN 114

LET FH*=3

GOTO 228

LET FIH3I=F{I)

LET FPCI=L

FOR J=I+1 TO N STEP 1

LET 5=8

IF I=1 THEM 138

FOR K=1 70 I-1 STEP 1

LET Z=5+4Q 0P 13, 83«3 (P KD . 13
HEXT K

LET GEPCEY,J)=(R{PCI},J3-53-0iFCI2. 12
HEXT )

IF QIPIH] L MI<>@ THEN 149
LET FH#=3

GOTO 228

LET S5=8

IF I=1 THEN 15

FOR K=1 70 I-1 57EF 1

LET S=5+@(PLI),.KI=J(PLK]]

NEXT K

LET BLPCIZ)=00(P(I)3-3)-Q(PCI}. 1)
HEXT 1

FOR I=sM-1 TO 1 STEP -1

LET 5=8

FOR K=I+1 T3 N STEP 1
LET 5=5+Q(P{I}.K)*D(P(K3]
MEXT ¥

LET GCPOE)I=RIFCI)I-5
HEXT 1 .

GOsuB 492

IF SOF{(ABSCR-D3) /M1 >%8 THEN 138
LET Fix=g

LET P1=SRRLABS{A-D3) N1}
LEY P2=N

GaTo 228

[F T=@ THEM 198

LET FM*=1

LET P1=5SGARCABS (R-D33 N1}
LET FZ=N

GUTD 228

MEXT H

LET [3=82

FOR I=1 TO M1 STEP 1
SOs0R 212

LET D2=@

FOR H=1 TO M STEP 1

LET L2=DZ2+0(PCHII=G(H)
MEXT H

LET D3=D3+D2xD2

NEXT [

FETURN

REM BHSIS*%kux

LET GC11=1

LET Gr2)=EC(CI]

LET GC(II=ELIJt2

LET G{4)=E {1143

LET GL3)=ECI] T4

LET GL{6I=ECI}TS

RETURHN

FHEND

EMD OF LISTING

#SLLLSO
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#SLLLSQ

Example of use

FILE RRLLSG

5 OCL 5 1L T.M4, MK, L, J. 1
: 444 HERRE NN BREGE. ARESS
FILES Wnwbi

DIM G(E,63,RT6,6),HIB).GIE),QC6),PI6),EC158T,F (150)
PRINT

GISP “ENTER & OF BASIS FUNCTIONS“:

279 IHFUT 11

@929 DISP "EMTER TOLERANCE":

9838 INPUT 58

@183 SETW 1 T0 5

8112 READ .11

81204 PRINT “HUMBER OF POINTS =";H1

@138 FRINT

@148 PRINT TAR(26Y;"LIST OF DATA POINTS
@158 FOR I=1 T2 N1 STEF 4

R1ED READ ~1.4.7.4

8178 LET E{I)=X

@182 LET Fills=y :

@198 PRINT USING 28,1 ,E(1},F{l)

@288 REXT 1

@245 DISP " PROGRAM IS RUNNING"

8218 LET E=FNACH1.T1, 583

@228 ON E+1 GOSLUB 296,318,338, 358

@224 FRINT

@225 PRINT TAS(20);"BASIS COEFFICIENTS®
8228 FRINT

@232 FOR 1=1 TO P2 STEP 1

8248 PRINT I,0(P(1)]

9254 NEXT T

8255 PRINT

A768 PRINT “ST. DEVIATION =P
@273 PRINT "MUMBER OF USED FUNCTIONS =";P2
A28% GOTO 3933

8239 PRINT "REACHED TOLERANCE™

8389 RETURN

231@ PRINT "NOT REACHED TOLESANCE™

@323 RETURN

A339 PRINT "#FPOINTS < # FUNCTIONS®

@358 GOTO 9399

D358 PRINT "CHANGE BASIS"

A36@ 5OTO §39%

[ng]

EMD OF LISTIMG

LIMNK 5[ LLSE.8
3393 EHD

T

E
E
[
E

39735370 G 7 4.29



wkwx FORMALLY CORPELT FROGRAM #wn
ENMTER # OF BASIS FUNCTIONS?
5

ENTER TOLERAMCE?

g
HUMBER OF POINTS = &
LIST GF DATR POINTS
1. 1. 1488 3. aaana
2 2. 381 B.5a89qg
3 .48 4. B8Ea330
& &. 548 —-3.4dd48
5 k.84 ~12.388538
[ T SR ARRaG
ADS RLNHING
SUHEDR TOLERAMNDE

ERZIS COEFFICIENTS

1 Bb4.B11439
2z —-183.93264a
3 W
4
5
[} 3E-83
T, UCEVULIATION = Z.8334524E£-63

NUMBER OF USED FUNCTIONS = 6

#S111.50

Ao Bo N X1 Yl Wl X2 - - -
File WwwWww

Ao first point on data file

Bo last point on data file

N number of data points

%; x-value of point i i=1, 2, . o« « N

Y; y-value of point i

W; weight of point i

4.36C

EXE FLPRIMT, kil

1.1 3 &
1 2.3 3
4 1 4.5
=% -12 1
Bl &5 . =]
@ i ]
a a a
& il @
54 a 8

T NN

G @S

LR L AR L R SRR P O |

3973570 G



Title

Purpose

Method

3973570 G

+SLNLLS

Non linear least squares curve fitting to an arbitrary scalar fune

tion

To calculate a least squares approximation to a given model with

six or less parameters

The choosen méthod is the Powell Algorithm improved by Zangwill.
Let (xi,yi) i=1,2 .,,. N a given set of data points.

The subroutine computes a least square fit of these data to the mod
el £ (ay, az... ag, X) K<6.

That is, let

{: "ﬂz& [%L_-F(aq'az‘...‘a.k, -T-L)r

the function that defines the difference squared of the set of data
to the model f (ay,az,..,ag, X), one determines ay,ap....25 so that
the function f is minimized,
The £ (ay,a3.... ag, X) is defined by user in his calling program
as FNA (X).
Let Cp;, » = 1,2.... n be the coordinate directions and assume
they are normalized to unit length,
Initialization step: let an initial point p_°, and n normalized
directions E: » r=1,2,,.n be given,

- ., o &1 9 _ @ 0 1
Calculate 17‘ to minimize {(F:‘ + §“) and let P'ﬂ.u = b, * },nsh
Set £t =1 and go to iteratien K with K = 1,
Iteration K ; pg;%, E:'

=42, 1 and t are given.
-
Step (i): Find ¢ to minimize f(l"m*‘*ct) . Update by

£ t+1if 1€t<n
1 if t = n.

If a # 0, let Fz = Fi:£+ AL « If a = 0, repeat step (i).

Should step (i) be repeated n times in succession, Stop: the point

k-1
Pn+1

Step (ii): For r = 1,,,.,n calculate A%, to minimize

flpe, + 10 &)

is optimal.

and define

® K &K
|°t= F:—«+l{§1

Let

L3

Eu-ﬂ = {F:\. - :\-:4)/” F:l_ P’T{:; !E

4.31



#SINLLS

i K e Kk
beternine Ay, tominimize [l 8]
k L4 K K
and set F’M’" = P td L S
K+d K _
define §l+ = §1H 1-.4|”_,WL

Go to iteration k with k + 1 replacing k.

Some discussion of the procedure may be in order.

Step (i) proceeds cyclically through the coordinate directions.
That is, each time we return to step (i) we use the next coordinate
direction, repeating C; after using C,. Every n 4+ 1 times step (i)
is employed the same coordinate direction is employed. The t index
es the coordinate direction to be used., If step (i) is repeated n
times in succession, then all n coordinate direction have been at-
tempted and no change in the point has occurred. Such a situation
can only occur if at that point the gradient of the function f is
zero. As we assume f strictly convex and continuously differenti-
able, that point is optimal.

In general step {i) is repeated until a new point is generated, In
step (ii) the procedure continues as in the earlier procedures. It
is importan£ to observe that after at most n iteration, all coordi
nate directions have been used.

Both in step (i} where we check if the found point is a minimum
and in step (ii), it is necessary a routine by which to minimize
the function along a line.

To find the minimum on a line, the following data must be provided:

(i) a point on the line, p

(ii} the direction of the line, £

(iii} an upper bound to the length of step along the line, m

{iv) the length of step along the line, g, assumes to be less
than m, and

(v} the accuracy to which the minimum is required, e.

The method of minimization must be such as to find the minimum of

a quadratic form, so it is primarily based on the gquadratic defined
by three function values,

Initially f{p) and £f(p + q £) are calculated, and then either

f(p ~q E) or f(p + 2q £ ) is worked out depending on whether £(p}
is less than or greater than f{p + q & }.

There three function values are now used in the general formula
which predicts the turning value of the quadratic defined by a,
Flp+atl, b, flp+rbé), cand fF(p+c £ ) tobe at (p+d &),

where
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Calling Statement

Parameters

Global wvariables

- input

- return

3973570 G
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ded. (8% MfaH{taDfp+{aa-by)f,
(b-c)fa » (c-a )b +{a-b}fc

It is a minimum if
(b- C)fq tle-alfy + (a~b)f,
{a-b)(b-c)(c-a)

If the turning value is predicted to be a maximum, or if the value

{0

of d is such that to calculate f(p + d §) a step greater than m
must be taken, the maximum allowed step iz taken in the direction
of decreasing f, and the function wvalue at the point is furthest
from (p + d £) is disecarted, so the prediction may be repeated.
Otherwise d is compared with a, b and ¢, and, if it is within the
required accuracy of one of them, that point is chosen as the min
imum, If it is not, F(p + d §) is calculated so that the quadratic
prediction may be repeated; the function value which is thrown
away out of flp + af), F(p + bf) and f(p + ¢ §) is normally
the greatest, but it is not if rejecting a smaller one can yield

a definite bracket on a minimum, which would not be obtained
otherwise.

At the end of the program the mihimum reached indicates the value
of the set of parameters satisfying the least squares fit of given

(x4, ¥4) 1 = 1,2 ... N in the model.

F = FNB (N§)

N #§ = number of directiones

0 Tolerance
02 max number of iterationes
04 step for minimization along line

P (N@) parameters of minimization vector

PL = P (1)
P2 = P (2)
P3 = P (3) \ final set of parameters
P4 = P (4)
P5 = P (5)
P6 = P (6)
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Q generical residual value given by residual calculation subrou
tine

RO status value

- work G (6} vector used to store intermediate result during minimiza-
tion
R (6,7) direction matrix
g (6) initial values of parameters during minimization along a
line
o (6) intermediate values of parameters during minimization
along a line
H (6) present minimization directions
od previous minimum residual value
0t residual value in lst abscissa in minimum along line
Q2 residual value in 2nd abscissa in minimum along line
Q3 residual value in 3rd abscissa in minimur along line
Q4 minimum residual value
Q9 residual value of Q (I)
Status value @ correct calculation
1 too much jterations (no solution yet after the fixed
iterations)

Note - The subroutine uses the functions FNF and FND. The user model £ (& a; ...a,, X)
with K< 6 is defined as FNA (X) in the calling program and the parameters are
indicated with the letters P Pp... Pp. For example, to define a +ag ay x modi-
fied exponential curve, the following statement is used:

FNA = Pt + P2 * P31 X
Listing
LIST
FILE +TLMLLS
BEg2 DEF FHEIHBIT,S. 1.5, M, M2.F BB, R B, C.D, F1.001
HEd4 LET R3=0
gavs FOR J=1 T MO STEP 1
a@as FOR I=1 70 HA STEP 1
aa1a IF I=J THEM 16
ae12 LET R(I.J)=2
Ad14 GOTO 48
ga1e LET RLI.J)=1
BE@18 NEXT 1
Q2R MEXT J
a2z FOR I+1 T HB STEP 1
Sa24 LET HOII=RCOI.H@D
Bele NEXT I
@28 CDSUE 1ZA
pRID IF k3=1 THEM 538
BE32 LET T=2
BA3Zg FOR I=1 TO HEB STEP 1
BaZs LET GLIY=F{I]
BG38 NEXT I
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0D
o ]
TN

4
s B TN N

)
[
+

a9as58
952
@354
a85e
2858
asal 2t}
|E82
naGs
BAEL
BEES

BERTE
883y
Qe

011a
2112
Aatls
g11e
at13
oiza
8422
A124%
a1z2e
9123
a13Ea
9132
2134
A135
8133
8159
147
IR
G112
G1sd
68150
152
E154
B158
p152
A183
162
PUR S
H1EE
8163
a17n
a7z
Sl S
G17e
a1vs
8156
2132
B134
H186
B13s

LTI
FOr TI=1 7O Hg STER 1
IF I=T THEH 59

LET Hi{IZ=wn

LET HCI3 =1
WET PLIY=GLI]
HEXT I
GOosuUe 1zZ8
IF RS=1 T
LET T=T+1
IF T<mMg+1 THEN &6
LET T=1

IF BEZ(DI >0 THEMN 74
LET S=5+1

IF Sr=Hé+1 THEMN 534
GOTO :
LET =17

FOR J=1 TO MO STEP 1
FOR I=1 TO M@ STEP 1
LET HE13=pil.l]

MERT I

EOSUE 128

IF EE=1 THEM 538

MERT

FaR I=1 TO Mt STEFR 1
LET HCII=P(I3-G0I2
HEWMT I

GOSUER 512

GOSUE 129

IF R9=1 THEN 3522

FOR J=1 T3 M@-t STEP A
FOR I=1 TG H3 5TERP 1
LET RELT, }2=FRLI.f+1]
NE:

HEM 538

FOR I=1 TO MO STEP 1
LET ROT.MBI=HIIY
ME®T I

GOTO ZFa

FEM #+4#4+MINIMNY ALONG A LINE THLC.
I

ISP "FESIDURL TTERRT
LET 0Q2=0Z-1
a THEM 139

on't; 02

LET H2=n=18+02
LET B@2=1E3593
LET T1=1

GOsUR
LET S 1=88=0:3

LET NMi=A=8

FOR I=1 TO HO ZTER 1
LET 2{I1=FP (1]

MEET I

LET M
LET
Foe I
LET 0
LET F
HEXRT
COsUB
LET 02=0
IF M2>8 THEM 1394

IF ABSIE1-923{fE-5 THEN 2838

o ore ZTEFR 1
2CId
QCII+EB+HC1)

]

SUER,

®*SILNLLS
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21 LEY Te=
2132 GGTO 3374
8134 IF ABS(R1-R23<C1E-4 YHEN 288
8136 IF Q1>82 THEMN 288

8128

[EheXxly]

LET D=FHDCALE.0. 91,02, 53]
IF FHFR.B.C.01. '
If RES D) <AEE(N2) THEN 233
LET D=nz

FOR I=1 10 M3 STEP 1

LET FI1=01I1+D4HII]

MEMT I

GOSU8 484

IF fmE 2a)=-18 THEN 25%
IF RES(Oa-Q1)>1E-4 THEN 432
IF H<B THEM 4322

IF Mz<d THEM 4322

LET F=-F

LET M2=-12

LET G1=09

GOTn 5l

LET Q=04

IF ABS(D-BI<1E~Z THEN 378
IF RESIG-2IC1E-2 THEM 372

8264 IF ABS{DI>RBS{CY THEN 278
A2E6 IF 04<NZT THEN 292

B2 LET nMi=0=8

azve

BZTZ

LET 3=04

IF B34m2 THEM 224

LET R2=C

LET T1=2

IF RABESCD-BI<1E-3 THEN 378

IF =02 THEM 212
LET L=B

B38¢ LET R3=02

8798 LET B=D

a3e8 LET Q2=04

BB GOTO 334

8312 LET A=D

34 LET Q1=0s

B316 GOTO 334

THEMN 33@
BIZA
|Ezz
B3zs
B3AZ%
B3z8
833
8332 LET 03=034

B335 LET D=FNL{8.8.7,.01,02,43]
8336 FNR I=1 TO M8 STEP 4

[ =@ THEHM 2720

F O ZGHCABS DI -AES(RII+2 GOTO 386,373,318

*SLNLLS
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B3233 LET PLI)«=QrI)+D#HII

8348 MEHT I

B3a2 GOSUE 484

8344 LET Q4=0

B346 IF ABSCA-DICIE-Z THEN 378
2348 IF ARS{IC-DI<1E
BI5G IF (D-Mil#( 4 ZE3
BFS2 IF FHFIR.B.C,01.02,023 =0 THEMN ZkA0
B3IS54 IF AESIGI-G@140-10 THEM 454

B3I56 LET Q=04

B258 L0T0L Zus

B36@ LET B=fR+T1 -2

B3IEZ IF B=Rg THEM 432

8364 LET Ew=E

FIEE FOFR I=1 T0 KA STEP 4
B3E2 LET PLII=00I)+E+HIT]
BI7E MEXT I

AZ72 GOSHE 434

"B3T4 LET @2=0

B37E OM Tt GOTO 224.33s
8378 FOR I=1 T M@ STEFR A
8388 LET PLIT=O(1)+1D-,817%H(1)
B382 HEXT I

384 GOSUE 4324

BI26 IF @03 THEM s@2
B328 IF M27@ THEN 298
8333 LET 2=D-.a1

Bi3z LET Q3=n

3%« GOTOD 360

B236 LET A=D-.091

8392 LET 21=0

Aegd ON T1 COTD 1%5a, 360
B432 FOR I=1 TO MA STEP 4
B424 LET PLIY=0C1}+iD+.21)*HIT]
B40E HEXT I

Bas GOSUBE 484

B419 FOR I=1 TO NG STEFR o
B2 LET PUI)=0CI)+0sHIIS
8414 MEXT 1T

@415 IF Q>4 THEM 454
8418 IF M2<8 THEMN 42%
B42@ LET A=0+.01

G427 LET A1=0

8424 ON T1 GOTO 158,360
G428 LET CO=0+.81

B422 LET Q3=qQ

@432B GRTO 2ha

@332 IF D4¢=01 THEN 438
B434 LET 54=01

B436 LET D=R

8438 IF Q<<=0G2 THEM 444
8448 LET Q4=02

@442 LET O=E

B44s IF B44=02 THEN 457
Baak LET @4=03F

8443 LET 0=

458 REM =okkew DUHTEUT
8452 FOR I=1 TS5 ma STER 1
8454 LET PCI)=0CIY+0+HCI)
456 NEXKT I

B45%2 LET D=@

B4EBR GOSUR 484

Ba62 IF <09 THEM avs
8464 FOR I=1 TO M@ STEP 1
B4BE LET PCII=RLI)

94E3 HEXKT 1

B47TA LET =09

BL7T2 SOTO 482

B4¥4 FOR I=1 10O M8 SYEP 1
B476 LET D=D+(PCI)-RCI) I (P(II-Q(I3)
B478 NEXT I

8483 LET D=SGR (D]

452 RETURN
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853

B3ZF4
8375
8333
Bhs@
Bh42
[T
AT
8548
@554

2 LET

REM ##k#xFUNCT. £ALC. IN EARCH POIMT SUBR.
LET =8

LET F1=F {11

LET

F £33
LET FP&=P %]
LET PS=PI53
LET P&=FILE]
FOR I=1 T M STEP A1

LET ¥=£(1]

LET ¥=Ffi1

LET Q=0+ 0¥ -FH R * CY-FHRADEIT

ME®T I

FETURH

REM sdsdesxesscr HORMALIZATION SUBROUTINE sk
LET Jj=3

FFOR I=1 70 N@ STEPR 1

LET J=J+HII) *HL{D]
MEWRT I

FOR I=t1 TO HMB STEFR 1
LET HOIX=HCIJ1-S0RI1]
MEXT 1

t RETLRN

LET FH¥=F3

FHEMD

LEF FHDIG.B.C.01,02,830H

LET H=f848-CHC]*01+ {0 C-A%AT Q2+ (A+N-E4B] «03

IF 2BST{E-{}+01+ (C-RI*RN2+ (A-B1 4031 >1E-18 THEM 544
LET FH#=1E33 .

GOTO S4R

LET H=Hs(2+{{8-C1#Q1+ (C~A) +DB2+ TH-BI %2211

LET FH#+=H

FHEND

®*SLNLLS

DEF FHFEHJB,EJQ1;Q2;D33=((B-C)*Q1+(C—H3*Q2+ER“E]*QEJ/EER—BJ*(B—CJ*EC-RJ)

END OF LISTING
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LIST
FILE

Ha 18
[aze
caza
[slsEes
9358
slal=1)
Qa7

B129
&130
pzen
8210
a220
az3m
az49
8258
9260

278
BIEO
ez9g
az0n
az1n

BE3D

ERNLLT

GEF FHACRT =P 1+F2«P31H

FILES ARRBRAA

DIM GIE) . RIE,FILFLEI LAIE). 006, HOIBT  EL3@) ,F (38)
SETM 11 TQ 5

FEGRD "1.H

FOr I=1 70 N 5TEP A

FEARD 4. X.%Y.H

LET EfIT=X

LET FLIX=¥

PEINMY £0I37,F 1)

MERT I .

GISP “ENTER # OF PARAMETERS (HB}'S
IMPLUT M

PREIMT

DISFE "ENTER INITIAL SET 4F FPARAMETERS™
CELRY 29

FOorR I=t1 T8 M@ STEP. 1

CISR "EMTER PLCVITiMY ="

IWFUT FLID

MEXT 1

FOF I=Ng+1 TO & STEP A

LET FLI3=8

ME=®T I

DISF "ENTER TGLERANCE';

IMFUT 0

DISF "EMNTER STEP FOR LINE MINIMIZATION":
INPUT 0%

DISP "EMTER MAY NUAEER 2F ITERATIONS':
IMFUT 02

LET FI=FNBE(ME&2

PRINT TRABC29);*FINMAL SET 0OF PREAMETERS™
FOR I=1 TO MHe STEFP 1 )

FREINT I.PLID

HEXT I

FRIMT

FRINT VRESIDURAL WRLUE =';0Q

IF R3=8 THEM 93%9

PRINT "TO0 MUCH TTERATIONSY

GNTO 23239

END OF LISTIMG

LIKRK
9833

*SLMHLLS. B
EMD
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R

##4x FORMALLY CORFE

P -]

« »
R G OF RET R H I N

N .
S IR T I N

L BN S AN IS O LY IV 5 T T PP

o
T
(MR RN NN N

R

ol m
=

EMTER
EMTER
g
ENTER
L
ENTER
1
ENTER
JERT
ENMTER
]
ENTER
194

PESIDURL ITERATION

LRV IR

24,
23.
22.
22,
21.
21
9.
8.
19.
13
18,
14,
18.
ir.
17.
17.
17,
16,
16,
15.

e ol DI D e e 0D o o O s O O 00 s

15.7

# OF PARAMETERS

IMITIRL SET OF FARAMETERS

PO 1) =9
PC 21 =2
PL 31 =2
TOLERANCE?

STEP'FOR LINE HMIMIMIZATION?

MAY HUMEER OF ITERATIOMS?

FESTDURL UALUE =

FIMAL ZEY OF PRRAMETERS

1o4

CT PROGRAM sk

(N@)?

14.965361
18.823339

LTEZ2

1.84304356-82

2

2B

PSLNLLS
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Title Fitting to a sum of exponentials., Prony's method

Purpose To evaluate the exponents b; and the factors a; of a sumof

exponentials of the form:

h? x bBm x

bt x 4 ap e F oaeeas Fa, e

f{x) = a, e

wath exactly fits the data points

Method Let {xj,y;) i# 2,4,6 or 8 be a given set of equally spaced
data points, the routine calculates a sum of exponentials
of the form:

b2 x bm x

f(x) = a,ePl X 4+ ay & cevs +oap e

n = 2m n=2,4,6,8

such that y; = £ (x;).

Prony's method is based on the fact that for evenly spaced
data each ePX ¥ K = 1,2, .o, m satisfies some fixed m-th
order difference eguation with constant coefficients whose
characteristic equation has root r, = ebk,

To summarize the calculation,.a system of m linear equations
in m-unknowns must be solved. This system is derived from

the difference equation which requires that the data be equally
spaced and an even number of points xj (3 = 1,2, ... 2m),

The number of peints must equal the number of exponentials
plus the number of coefficients.

Thus with the results of solved system, a polynomial of degree
m is obtained and all the roots of this polynomial (.the char-
acteristic equation) must be found,

Recall that r) = ePk, where ri are the roots of the character-
istic equation, it is straight forward to explicitly calculate
the by.

Three casesmust be considered:

positive real number, then b, = log (rk)

1) ry

2) ri = negative real number,
Then let LA -0, 9, > o] M\A,
by

e = Q:(—fl}xr- etled™ cos (@ x)

3973570 G 4.41
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3) r, is complex, then ¥, = r is alse a root,
k k k+1

Let Tx= a+ib fﬂ\m Typyt o-tb

0= Vaivb? % = tam (ba)
Then:
Lo - - Cax - . .
e =y 2 la+ibi™= o (cosdx + L simdx)
5 .
el ™ tki! o b)z':: Q:(mﬂ:r_ -y mm.ﬂ‘x,)

In this last case, the presence of complex value is momen-
tary., The corresponding coefficients aj and ap;; must be
complex coniugates, i.e., for real some afs agy,

Q-'R + ks ¢ 0-';(- Ak

a., = o =
K 2 K+ 4 2

then

et o ot SRS

K cosd + ﬂ-k*‘{e

w
CLKeFk "

The exponents having been calculated, the problem becomes
one of solving m linear equation for the m unknowns

B1, 8 vass Ape

Since there not exists a formula for the exact solution of
an arbitrary polynomial of degree greater than 4, a sui-
table restriction for the number of data points has been
made (nx8),

After the coefficients and exponents have been calculated,
the user can evaluate the function point by point or for a

table of values, using the following sequence:

J

(Xx-A)/ H + 1

F=0

FOR T =1 TO Xt/2

F=F+ @ (I) * EXP-( (7-1)% G(I)) *cos (H({I} * (J-1) + R{I)})
NEXT I

where X = point to be interpolated

N1

i

number of data points

H = space between the data points
A = first data point
F = y - found value

for the array see the ocutput global variables.
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Calling Statement

Parameter

Global variables

~Input

-Return

-Work

Function value

References:

1. Numerical Methods for Scientist and Engineers Richard Hanning - M., Graw Hill

1472 pp. 617-627

2. Handbook of Numerical Method and Applications Louis Kelley -~ Addison - Wesley
1967 pp. 30-82,

3973570 G

F = FNA {N1)

NI = number of points (2,4,6,8)

o{) y-values of data points (one dimension)

coefficients (one dimension)

exponents

found values for the data points
Note The elements of R { ) are ¥ or _&/2

A (4,4) matrix of linear system

P (35) array of index

F (5)

Pg + P5

o1 « 05 service variables

@ correct calculation

1 linear system is singular (No solution is possible)

)

}

) factors (to calculate the cos argument)
) factors (to calculate the cos argument)
)

*SLPRON
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Listing

4.44

CLLP RGN

L

,
L v R
-T2

- )

Nl
FRE N L B
Cam

LT S
o

1y

[l Sl el
|

" mom

o]

B N T I ey

o

]

e

o R A A R

i)

]

] 7, Y -
=]

=

#SLPRON
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8122 LET E=AQZCACPLIN.I))
124 LET L=F1{11

G1zZs LET 11=1

Gt oR T

éf 3

o

A B

IO

Vot o

3074
LET F
30T
HAREE:
LET

GHLTI #ENF ILOGLABS (T2 +1E-330 321

3973570 G
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LPRoN

<
)

=4

H ik +A

F1-T

a4
il

L+

I
L

L

FHEMD

OF LISTING

END

3973570 G
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Example of use

voinio )
-
P Iy S
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Title

Purpose

Method

3973570 G
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Lagrange - Aitken interpolation

To interpolate a given set of data to an order (the maximum
degree of the polynomial used) and accuracy specified by the

user

Whereas the strict Lagrange interpolation method uses all N
points of a given data set to find a polynomial P(x) of degree
{(N-1) which fits the data exactly, the Lagrange Aitken method
generates interpolating polynomials of successively higher
degree from the polynomial of lower degree.

In particular,let {x;,y;) i = 1,2 ... N a given set if data
points, if ¥ is the value to be interpoclated, the points
{x;,¥;) and (x441 , yi+1) near ¥ are used to determine a linear
interpolating polynomial P1 {x}. Next the point {(x;,3, ¥Yii2)
near X is used along with the previous to determine a quadratic
interpolating polynomial P2 (x).

Then the point (xi+3, yi+3) near X is used to determine a cubic
interpolating polynomial P3 {x)} and so on.

The polynomial of degree d+1 is generated using d+2 peints,

The polynomial coefficients can be computed explicitly by the
following algorithm:

Aitken Algorithm

(1) PK,O (X) = YK K = 0,1,2 sea N-1

. {(xp=-x) P (x) - (xg=x) P {x)
(2) PKSﬁll K d,d d . K,d

XK - *d
K=d+l,,., N¥-1
Equation (2} calculates a polynomial of degree dil from two
polynomial of degree d. The use of this algorithm produces a

triangular scheme

P5,0

Pi1,0 P11

PZ,O PZJ]_ P2,2
L]

Pyo1,0 PN-B,1 sesecns Pmoi wa

The diagonal elements are the Lagrange polynomials, i.e.
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Py y = Pifx\, Py o= ¥, 3 I Plel M-t PN_;(K\.

The scheme is used to directly compute P; (X}, P, (%) .....
Further interpolation is unnecessary when there iy a very
little difference Letween =uccessive value.

Given a value ¥, a maximum order t and a tolerance E, the
routine compute row-wise tlhie Aitkea's scheme, After the third
row, it tests if !Pi+1(§):— Pifz)l<:E. If this condition holds,
further interpolation is hold to Le unnecessary and Pi+1(;)

is returned as the interpolated value,

If the condition is not satisfied after t+1 rows, then Pt(;) is
taken as interpolated value.

The routine performs a search on a given data to- locate a neigh-
borhood around ¥,

If ¥ is a data point, the y-value is returned,

Note. The order of interpolation is limited to N-1 or 100 whichew
er is less,

The amount of calculation increases more than linearly with a
increase in. the order of interpolation., Even thought calculation
is performed 1in double precision, round-off error must Le kept

in mind when high order interpolation is used.

Calling Statement F = FNA {A,B,N,P,E,A1,B1,H1)

Parameters A = xy first point of the given set
= xy last point of the given set

= npumber of data points

. £X~1 or 100
P = maximum degree
whichever is less
E = tolerance (accuracy)

Al = Jlower Iimit of table to interpolate

Bi

fl

upper limit of taltle to interpolate

Hl = increment for tatle

Note. If Al = Bl and H1 = 1, the interpolation is point by

point.

Glokal wvarialtles
- Imput E ( Y =x-value of data points {one dimension)

}  y-value of data points

- Return P2 number of interpolated points

P { )} x-value of interpolated points
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@i} y-value of interpolated points

P

=-Work x-value of used data point (one dimension)

Y () y-value of successive Lagrangian polynomials

=

Status value Complete calculation
1 Two x-values are the same ., Only {P2-1)} points have been

interpolated (interpolation partially executed).

Listing

[
LIRS I B

-

[OVIFRETN il Bt I

P L N L I D A N L |
i
3

’4
"
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LET
LET
LET
[N
IF 7o
=
Lo
b
e T
fFior
LE
v
LE
MEH
- ! '
LET I1=!
FOR 1
TEoIn ST
LET FHe=t
R -]
GOTD 12z
SOOI eILE

H.,.
St
B R
N Y I

-~

[AITAL N A0 3 it Bt

s T RIS S ot
"

FSLEATTK
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Example of use
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Title

Purpose

Method
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Least-squares smoothing degree 0,1,2

To perform a least-sguares smoothing of a set of data points;

degrees 0,1 or 2 smoothing are available.

Let (xy,¥i) 1 = 1,2 ... ¥ be a set of given data and £ {x)

the underlying function from which the data have been de-
rived.

A least squares approximation is, in general, used when the
data cannot be taken as exact. The aim of smoothing is to try
to reduce the "noise" present in the data by using a polynomial
of low degree which will approximate the data well,but not so
accuratly so as to include the 'noise, ’

The approximation is made using only a few points in the neigh-

borhood of x and not all the data points,

Let:
K = degree of smoothing K = 0,1,2
f1{x} =1 £2(x) = x £3 (x) = x2
x* a point in the data sample
K+1
g (x,a) = _§ a; fi(x) the function approximating f£(x)

in the least squares sense.
The coefficients &, ».- ag+1 are to be cheosen so as to minimize

the error function:

E* (<0, ax)= & Ly- g (z,2)

where M are a set of points in the neighborhood of x*,

For each point x? this minimization protlem is performed; the
smoothed value is g (xfa).

For degree § smoothing, the polynomials is ay. A least squares
approximation is made for the x5 {j = 2,3,+40,8-1) and for each
xj the points X5 10 X5r Xl are in M.

For xj and xy, the approximating functions at x3 and xy.1 re-
spectively are used.

For degree 1, f1(x) =1 and fa(x) = x are used. For each point
xg (3 = 2,354s., N-1) a polynomial az x + aj is the approximating
function in the least squares sense and the points Xj.i, Xj, Xj4q

are in M, For x; and xy , the approximating functions at xp and

4.55



Calling Statement

Parameters

Global wvariables

~Input

~Return

-Work

Status value

Listing

4.56

FSLEMON

xy respectively are used,

For degree 2, fy(x) =1 fz(x) = x f3(x) = x% are used.

For each point xj (i = 3,4,.04,N-2) a polynomial of the form
ag xz + a2 x + a; is the approximating function in the least
squares sense and X3-25 Xj—l’ xj, xj+1, xj+2 are in M.

For x; and x3 the function at x; is used. For xy. 1 and x, the

function at xy_2 is used.

F = FNA (M,¥N)

=

smoothing degree

N number of data points

x-values of data points {one dimension)

()
F { ) y-values of data points
G () smoothed-values

H (3,3) matrix of system by which the coefficients at, ... agyy

are determined (K = smoothing degree)

Note. The user must dimensioen G (as E and F) in his program.

‘correct calculation
not encugh points in the sample

elements not in order (xj+1 = Xj)

W W

matrix Hill -conditioned.

EE o<l e Uk DO Pl S S < 1 =T S TR O T

J3+FLL+311 03

3973570 G
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a1 LET 3

@ LET z

5] LET Ll

21 FoR T3 % I

aias IF € EdI-12

oq1a LET ZiFHOT,

G412 LET Tr1=HET,

G115 L&Y TrEHLT. 1)
ar1s LET Ti=d07, TII=ELLd
113 L P+ 0T

s g3 IHELTLH
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Example of use

QLD FRSMOD
Lis
FILE RREMGT

FILES 2322
FRINT

oI g

ERINT 5
FRINT

oIz

HE

VLT ke b T

Dyl

ML MDA e T
447714

DM ia

Z DT TR T A

g I B o L A
M +

err ¥ DETR POIMTEY
eEL

FRIL BTN Y o
FRIL Tt o

FOR 1

PR

HEX

FRINT

OH % GoTO 383,403, 420

FRINT "EEPOR--HQT ENOUGH POIHTE"
GOTO 47

FRINT FOR--TLEMENTS NOT L ORLERS
SATH 9

ERINT
LISE “AH
IHFUT F
0K P+1 GRTO 2339, 60

IS Iil-CoHDITIOMED
DEGREE: YEZ=1, HO=3",

EMD OF LIZTING

4.58

MOATHING 1%

PR SR LI LIROQTHED VAl

'

#SLSMO0
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[

.

ERUERES

t

PE S RRETIE Sl B

T VS ]

CE e
I

AT T

DA

S

P TI

R R R WL
LR B |

TR A N R U N SO I A BT N T RN S o]
LA O A R A |

(RTINS vy}

1
1
a e

3

gl

4.59
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Y LELILE SHOOTHED WALUE

o ! 4
. 5 1

H ! 1

i 1 *

=] 3 T

£ 4 4

- .

13 3

’a o o

1 -2 -2

P .= -

1 - -

12 -z -4, 32333732
13 -1 -i

£.60
3973570 G



*SLESYT

Title Weighted least squares orthogonal polynomials curve fit,

Forsythe method,

Purpose To compute the coefficients of the Forsythe polynomials approx-

imating a set of observed data,

Method The Forsythe polynomials are a set of orthogonal polynomials
over a discrete set of weighted data points (xi,yi,wi). The al-

gorithm for generating these polynomials is as follows:

P_;jlx) = o
Py {x) = 1
Py (x) = (x - Uy) Py (x)
Py (x} = (x - 1Uz) Py (x) - ¥y Po (x)
Py (x) = (x - Uy) Pu_1{x) - Vn Pm_2 (x)
where
N
Z: xj (Pm—l (xi))z Wi
- 4=l

U Dp-1

N

Z x5 Pm—l {xi} Pm-—2 (xi) Wy
Nm—l = izt

Dm-2

(Py (x30)2 wy

o
B

tt
.rqu

L
I
-

3973570 G 4.61



FELFSYT

The aim is to approxirate the fanetion £0x) by a linear combina-
vion of the polsynomials
M
11 vl = NV a6
’ o L]
in=0

y{x) is the desired approximation. The coefficients are given

by
N

It is possible to rewrite this equation in terms of the variable

x as follows:

a n H w
)= o e P () = T

m=C

M
M m
h =
where ¢ W Z a’m ‘D!L
f‘h’l:Kf

and

-4 bﬂ'\.—i m ~X

-4 oy % -4 %, QL WLm

The subroutine computes the coefficients Cyg.

Calling Statement F FNZ (S,M,N)}

it

Parameters S tolerance

maximum degree of resultanmt pelynomial

N = number of points

Global wvariables

Input E { ) array of data point abscissae {(one dimension)

F () array of data point ordinates {one dimension)
()

array of data point weights {one dimension)

4,62 3973570 G



Return

Status wvalue

Listing

FILE

aga8z
Buas
Baas
REA3
9513
agiz
gatq

B 15

8813
ga2a
2a22
2824
23326
oR23
aaza
aazz
Ba3s
8438
R2az3
B34a
ea42
a344
Bag
BA&3
aig5a
BYS2
enss
51= 513
2558
BAER
80862
064
3366
9863
2073
BET2
an7s
g97Y6
Bg 73
enas
BEa2?
33824
ga96
B3gs
aaga
552
Bags
Ba95
2395
at8a

3973570 G

#SLFSYT

*5LI =YL

P1 degree of resultant polynomial
R ( ) array polynomials coefficients, in increasing order:
R (1) = a, , R (i) = aj_1q

H ( ) work array (two dimensions: 7 rows, M + 2 columns)

FNZ = &

DEF FNELS.H,PIT1,R.D2,D3. U7, 58. K, K1.K2, 1. J

LET T1=1
LET Fhix=a

LET A=<J=D3=L2=01=2
FOR K=t 7O 7 STEP 1

LET HIK.11=2
FOR I=1 7O H+1

S3TEP 1

LET R{II=H{K.I+11=3

NERXT 1
NEXT K

FOR I=1 TO P STEP 1

LET A=R+F {1 +F
LET H(E.Z)=H(E
LET D2=02+51013
LET HL%. 13=H(4
MEXT T

CI)1=GCI)
s 3I+ELII*G (LY

SAIHF(II*G L]

IF Mec:d THEMN 38

LET Ti=2

LET W1i=01=D2
LET HO1.1)=H{1
LEY H{R.3I=H(E

211281
» 314D

LET D3=HI1, 11 «HI1, 1202 -

LET Si=

ZHRCIR-D3I v W 1)

IF SARC(A-D3I ~W13 >S5 THEN 56

LET 7=

GOSUB 132

GOTO 132

LET D2=053

GOSUB 132

IF T1=1 THEN &
LET FN¥=1

GOTQ 182

&

FOR Jj=1 Ta M STEP 1
72

IF J<>M THEM
LET T1=2

LET HIS. 12=R
LET HI3.2)=1

FOR i=1 TO P STEF 1
FOR K=t 70 J STEP +t
LET HOS, K422 =FE (1) ~H B, K+23 ) #H (5, K+ 11 —H (7, K+23*H {5, K)

NEXT K
IF J=H THEN 3@
LET H(G,J+3)=H
LET HC?.U4+31=H
LET D2=D2+H (5,
LET HL1, 0443 =H
HEXT I

IF_J=r THEN 18
LET H{G,J+31=H

€5, J+3I+ELII+HIE, J4+2)wH (S, J+2]#B1T)
E7 J+ZI+ECTI*H S, J+2)«H L5, J+ 1) +3€1)
J+RIHRHLE, S+ 22 %G (1]

Cl, d+ 13+ (I3 %45, J4 2045 01]

2

5, J+33 /02

LET H(7,J+31=H(?,J+31 D4

4.63



192
134
8185
8193
#5119
8112
@144
8115
g11a
3124
9122
8124
8126
g17g
g133
@132
@154
8136
9133
2140
8142
8144
8146
a1s3
2150
a152
8154
8156
8152
9158
2162
8164
8166
8168
a1ve
8172
a174
a13@
a15;
2184

LET D1=02

LET S04 3+t =HO G+l oDt
LET D3=D3+HI1, J+ 1) =M1, J+11%D2
IF A8S(SA-SERCABS(A-D3) /1)1 IE~6 THEN 114
LET S@=5GRI{ABS(A-D3I 1]
IF =a»5 THEMN 129

LET T1=2

Gasue 132

G070 182

LET D2=g

GasSys 13z

IF Ti1=1 THEN 133

LET fFh#=1

GaTo 182

MEXT J

IF J1<>8 THEH t38

LET RL43=HC1.1}

GOTO 132

LET HC4,21=H(2,2)=1

LET HE3,21=8

FOR K1=2 T0 J+1 STEP 1
FOR KZ=1 TO KA-1 STEP 1

LET HOZ2.K2414)=H(4, K2 -HIG, K1+ 1Y #H (4, K2+ 1) -HI?, KA+ 1I=H {3, K2+ 1)

NEXT K2

LET HL2.K1+13=1

FoR K2=t T0 K1 STEP 1
IF K2=K1t THEH 158

LET HL3,K2+13=H(4,K2+1)
GaTo 162

LET HC3.,K2+1)=8

LET HC4,KZ+11=HI[2Z,K2+1)
MEXT K2

NEXT K1

LET Ki=J+1

FOR I=1 TO K1 STEP 1
LET ROII=RCII+HLZ, I+1) =H{1,K1]
HEKT 1

RETURN

LET P1=J

FNEND

END QF LISTING

Example of use

FILE REF3Y¥Y

@318 FILES ARAAAR

8815 PRINT .

@828 DIN E{456),.F (1583, G0158) ,H(F, 22} .R{2N
Ba38 SETW 4 TO 5

Ba4e RERD 1. N

0338 PRINT "MUMBER OF POINTS @ ;K

egee PRINT

Ba7d PRINT ' X", ® 7", "HEIGHT"

a2a2a FoR I=1 Ta N STES ¢

@g3a READ TLECITLFEINLGLTD

@188 PRINY ECI).FLIX.GLID

d11@ MEXKT I

B12@ DISP “ENTER TOLERGNCE"Y:

8138 INFUT S

8148 DISP "ENMTER DEGREE {MAX 281';
28130 INPUT N

4.64
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FSLFSY

2168 DISP “ENTER H&Y SCALE FACTORSY;
It ii A

FiR I=1 TO o STEF 1
LET ECI)=EfI)~ 04
LET FZI)=F (1302

ME=ZT I

FPRINMT

PRINT "TOLERSMNCE = . CRLE FRACTORS = "i31:": 7022
PEINT “MAXIRNUN OECGREE = H

IF FHELZ. M. HI=8 THEM Z73

PRIMT

PRINT “TOLERANCE MOT REACHED™

PRINTY
PRINT "DEGREE OF POLY @ “;Pt
28239 PRIMT “COEFFICIENTS r(IM IMCREASING ORGERI'
2380 LET H5=1
832148 Far I=1 70 P4+ STER 1
G328 LET RCIJ=R{II«Q2-HS
B338 PRINT REID,
348 LET HS5=H5»01
8358 HEXT I
azsg 5070 9299

EMD OF LISTING

LINK #«ZLFSYT.8

9I59 END

RN

#+kx FORMALLY CORRECT PROGRAM ®axs

NUMEER OF POINTS : 24
® ¥ WEIGHT
.2 F4.3 1
.5 23.4 1
.7 22, 1
.3 22.5 1
1.2 1.5 1
1.9 2101 1
1.7 28.5 1
1.9 28.1 !
2.3 19,4 t
2.5 19,1 1
2.7 12,8 1
3 12.4 1
3.3 19,1 1
3.6 17.3 1
3.9 17,58 1
4.1 17.3 1
4% 171 1
4.7 15.9 1
5 16.7 1
5.3 16, 5 1
5.7 15,3 1
.2 16,14 1
£.7 15.9 1
T.3 15.7 1

TOLERANCE = 2 SCALE FACTORS = 1 ;5 4

MAXIMUM DEGREE = 183

DEGREE 0OF POLY : 5

COEFFICIENTS CIN INCREASIMG ORDER)

24,975352 -3.475EE16 .55822185 ~% . PEZFIEBE-B2 1, 724Z2421E-23

3973570 G
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*SLPADE

Title Rational function fitting-Pade approximation,

Purpose To calculate the coefficients of the rational function (a quo-
tient of two polynomials of specified degrees) which beat Approx

imates a given function on an interval.

Method The degree of both the numerator and denominator are specified
by the calling program and must be less than 10,
Given a function f{x}), the routine finds polynomials Pu{x} and

0,(x) so that EEifl, approximates f{x) near x = X4, where xg

Qn{x)

is the center of the interval (m and n denote the degree of re-
spective polynomials}.
The conditions used to determine the coefficients are that the

two functions Pp(x) ang f(x) agree at x5 and so do the first
Qnlx

(m + n) derivatives.

The approximate

(2]
. P (X) .
f{x) = E e; xd by _m near x = 0
7= on (7

where cj are the Taylor series coefficients, and
Po(x) = ag+a; x+ ...+ ap =M
On(x) = by + by x+ ... + by xN

one considers

o0

E - i - Puix)
) ,‘3% 3 Qn(x)

and the a's and the b's must be choosen so that E{x) and its
first several derivatives are equal to zero at x = 0,

There are (mtn+l) unknown a's and b's; thus the first (mtn) de-
rivatives of E{x) can be made equal to zero.

E(x} can be written as follows:

i Zr ‘“})'x%‘* i i ¢.x b x¥

_3: X=Q

3973570 G 4.67



ENE

I STEF 4
CI2+L03awECI~3+13

FHEMD

OF LISTING

Example of Use

4.70

LD
LIST
FILE

Ba1s
Ba2ZR
aa?a
aa2a
aa3a
21@0
Bt
B1z3
2135
2149
a15a
B1EQ
g1ra
at1za
a13a
azes

B335

RRPADE
ERFANE

ODIM EC13),.FC192,6(193 . H{18) , 30183 ,P (18, 13)
BCL 5 CI.J,.K.¥2.1M9,H9,M)

PRINT

DISP “CORES? 1CCOEFF.S3, 2(DERIY, 53 "
INFUT K49

IF IK3~1)%{KS-21=0 THEHN 128

OIZP "ERROR-- EHTER @, 100NLY) EL B
Garo o

DISPF "EMTER POLY DEGREES (EOTH <= 3) '%;
IMPLIT -M3. M9

IF M9+(M3-18)3>=2 THEN 170

IF N9%(N3-1031<a THEMN 138

DISP “EPROR-- ILLESAL YALUE E& 2
GTQ 13D

PREIMT "TGYLOR SERIES COEFFICIENTS"

FOR T=1 T3 ME+H9+1 STEF 1

OM K3 GOTG 220,259

GISF "ENTER COEFFICIENT #''5I-1;

GOTO 25

DIZF "EMTER DERIVATIVE #";I-4;

INFUT ECID

I¥ K3=1 THEM 228

IF I<*>1 THEHM 299

LET I9=1

GATO 3Z2a

LET EXTI=E(I}~1I9

LET IS=I9+]

PEINT EfID.

MERT I

FRIMT

DISP "CRECULRTION OF COEFFICIENT®
LET Y=FHALH3, N9}

FRINT "MUNERASTOR FOLY DEGREE =".M2
FEINT "COEFFICIENTS CIN DESCEMDIMG ORDERI™
FOR I=M9+1 T 1 STEP -1

PRIWNT F{I) .

MEXST I

PEINT

FEINT

FRINT "DENOMINATOR FOLY DEGREE =";N93
PRIMT "OCOEFFICIENTS C(IM DESCEMDIMNG ORDERIM
FOe I=N9+1 TO 41 STEP -1

PRINT GLID,

MEXT I

FRIMT

*STPADF
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2 PRIMT

HOERIMT
BOIMEUT

B GISP “EREOR--":

A57E GoTOo 530

a If IMirg THEH 558

@Ba%3 IF Mi1=1 THEM 73IQ

8598 FRINT “HUMERATOR COEFFICIENTS
ENDING ORDERY "
STEP -1

BEEH PRINT "CIH DES
BE1R FOR I=15+1 TO
BE28 FRINT FLIJ#H1,
§E38 NEXT I
BE4D PRINT
@E5Q FRINT

1

é OIS "ENTER MULTIFLIER

MULTIPLIED BY":M1,

SEEW PRIMT "LEMOMIMATOR COLFFICIENTS MULTIPLIED BY™ Mt
Q674 PRINT "CIH CESCENDING ORDERIM

B683 FOR I=H%+1 TOQ 4 STEP -1

BESE PRINT GLId=t1,
@rel HEXT I
er1n FRINT
8728 PRINT

A739 DISP "AHOTHER MULTIPL.? 14{YESI,@LN0]

arvea IMFUT M2

@758 ON MZ+1 GOTO 9933, 534
B7e@ DISP “ERROR-- ENTER 8, 1(0OMNLYD

87VA GOTO 734

END OF LISTING

LINK *SLFADE.A
9399 END

®UN

kkkk FORMALLY CORKECT PROGRAM sokkx

CODE#? 1CCOEFF.SY,2(DERIU.5Y 7

1
ENTER POLY DEGREES

2,3

TAYLAR SERIES COHEFFICIENTS

CEOTH <=

ENTER COEFFICIERT #.8 7

1
ENTER COEFFICIENT #
1
ENTER COEFFICIENT #
ENTER COEFFICIEWT #
. 16666667
ENTER COEFFICIENT 3
4. 1666EETE-D2

1 1
ENTER COEFFICIENT #
8.333333TL~032
2.3333332E-93

CALCULATIAN 2F COEFFICIENT

1

bed
<

MLUMERATOR POLY DEGREE

COEFFICIENTS [IN DESCENDING
. 33999385

4.9999934E-82

?

?

3

DEMOMINATOR POLY DEGREE

COEFFICIENTS CIN DESCEHDIMG
L 15835885

-1.6666683E-B2

3973570 G
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1

GRDERY
-. 60008014

& -
s

X2

4
.

“SLPADE

1EEREETE-B2
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4.72

#*SLPADE

ENTER ﬁULTIPLLER £ >»8a 312
et

fhx]

TIH DESCENDING DORDERY

M m

DECONINGTOR COEFFICIENTS MULTIFLIED BY 18 FIf DESE
.93 1. 5082008 -5.00B3314 1

23] E"l

SHOTHER MULTIPL.? 1iYESI.Q{HOY 7
g

RUM

COLEYY TICOEFF.S),20GERIU,S) 7

2

ENTER FOLY DEGREES {BOTH <= 33 7
3.3

TAYLCR SERIES COEFFICIENTS

ENTER DERIVATIUVE & 4 7

p
ENTER DERIUATIVE & 1 7
1
ENTER DERIVATIVE & 2 7
.5
ENTER DERIUATIVE & 3 2
1.66EBBE7
ENTER DERIVATIVE & 4 2
- 16EEREST
1 1 25 2TPFITTE B.9444440E-a3

EMTER DERIUVRATIVE # 5 72
4. 1BREERTE-QD
ENTER GERTUATIVE # & 72
8.333 E~ﬁ3
! -4 1.1574874E-35
CRLEULRTIDH OF COEFFICIENT
NUMERRTOR POLY DEGFREE = 3
COEFFICIENTS CIN DESCEHDING QEDER)
L 27182355 . 22431776 .97 55E126 1

CEMOMINATOR POLY DEGFEE = 2
COEFFICIENTS (IN DESCENDING 2PRER)
4.3593541E-0E -6,4350480E-84 -2,.44323736E-82 1

EMTER MULTIFLIER C > 3 217
5
NUMERATRR COEFFICIENTS HUETIPLIED B

¥ N DESCENDING OFDER)
1.355147% 1. 1245289 $.87 z

5

DEHOMIMRTYO

BOUOEFFICIENTS MULTIPLIED &Y 5 CIM DESCENDING ORDER)D
2.424EFVIE-T5  -3,Z1F32

1
£ ggE-93 - 12213388 5

AMOTHER MULTIFL.? 1iYES),8INH0O) 2

18

ERROR-- ENTER 8.t {0NLY2 FFAHOTHER MULTIPL.? 14YES) ,BINDY 7
1

EMTER MILTIFLIER € » & 17

1A

MUMERATOR COEFFICIENTS MULTIPLIED BY 18 {IN DESCENDING ORDERY
2.7182956 L2RFIFTE QA TIEET12E 18

CENOMINATOR COEFFICIENTS ﬁ”LlIPL'ED BY 18 (1M DESCENDING ORDERZ
4. FEQF541E-05  -&.33504HEE-03 2 T3k 1a

AMDTHER MULTIPEL.? $CYESY.ECNOY 2
a
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Title

Purpoese

Method

Calling Statement

Parameters

3973570 G

+SLCSPL

Cubic interpolation

To determine the interpolating cubic spline for the given data
set and to evaluate the cubic spline for a table of point with

a fixed increment.

Let (xi,yi) i=1,2,...,N be the set of given data, where the
x; peints are, in general, not evenly spaced, the aim is to find

the interpolatory cubics £5(x}, defined on (xj,xj41):

(1) fj_(x) = Ai(x—xi)3 + Bi (x—xi)2+ ci (x—xi) + D].

where the f;'s satisfy given "smoothness" conditions.

Then it is necessary to calculate 4%¥(N-1) coefficients A;,B;,C;,

Dy i=1,2,...,(¥-1).

The function £(x) on entire interval x,xy consisting of func-

tions fi(x) satisfying the conditions:

- exact-fit condition : f;{x3) = ¥;j
- continuity condition : £;.1(x;) = yi41
— first derivative (slope) of f;{x) and £341(x) agree at X541
- 2nd derivative (curvature) of £;{x) and fi1(x) are at x;4q.
At the end points, it is necessary to specify the second deriv
ative only.
The used method to determine these coefficients is the Akima's
method.
Having computed these coefficients it is then possible to evalu-
ate g{x} for a table of points in the interval x, - xy with a

fixed increment,

F = FNA (N,E1,EQ,E)}

N = number of data points (< 150}

El = 2nd derivative at the first point
EG = 2nd derivative at the last point
E = test for coefficients calculation

0 = XNO {already known})
1 = YES



Global variables

Input

Return

Status value

Listing

4.74

LIST
FILE

Asgz
515 1= 8
HEGE
ARgs3
ISR L)
Wtz
gai4
Ba15
go1s
ARZA
BRAZ2
BaZs
BAZs
Az
ar39
paz2z
B34
8936
isles]
go4g
51554
HES4
BAgE
GO43
ans5g
BR5Z
8854
BASE
BASE
BRET
0862

*SLLOSPL

=31 C3PL

F{ ) x-values of data (one dimension)

G{ ) y-values of data (one dimension)

P1 start-point for table

P2 end-point for table

P3 increment

(If P1 = P2 and P3 = 1 the cubic spline is evaluated point by

point)

E( ) matrix of coefficients (two dimensions)
The elements of row i (i = 2,3,...,N) are the coefficients
of the function £, 4

0( ) x-values of interpolated points (one dimension)

P{ } y-values of interpolated points (one dimension}

P4 number of interpolated points

g

1 elements not in order

2 points to be interpolated outside the interval xj;- xy

GEF FHAIM,E1,EQ, B3, X1, 42, Y, %1, %2, D1, D2 . F1.F2. 1
"CRALCULATION OF COEFFICIENTSY

Disk

Lin
LEY

IF =0 THEN
ECY, 13=£01,21=E£01. 32
E(N, 13=ETN, 21=E (N, 3]

LET
LET
LET
LET
LET
LET
LET
LET
LET
LET

IF X113

LET

GOTO

ECT152,4)
FHe=a

E{1,4Y=E1
E(MH,4Y=E9
®=Fr1)
¥=G11]
Bi=F 2]
ME=GL2)
X2=F (31
Y2=GLI

FM#=1
136

146

THEHN 38

IF X2¢=X1 THEM 34
D1=xX1-}
DZ=RZ-K1
Fl=yi-y
Fa=y2-71

LET
LET
LET
LET
LET
LET
LEY
For

LET X

LET %

LET
LET

2 DE-F1/D4T~DA%ECT. 41
3

STEF 14
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0o
RN
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-
o
o

2 LET

B LET
3 LET

3 LET

LET
LET EEI+2,:3=: rD“+D1]

LET F2=v2-11

LET E0T+2.53=8# [F2/D2-F1-04)
HEAT I

LET EfT !‘
LET E!H-I
LET £1(2
LET E£2.
LET E£2.2

FOR I=32 70 M-1 STEF 1

LET ECI.ZI=ECI.3)~(EC1,2)-E€I-1.33=E£F,13)
LET EfT, 4 =(E(l. .40 ~ECI~1.43*EC]. 133 7 (E 1,23 -E01-1,30%ECI, 12

LET ERL.21=1
MEXT I
FOR I=N-2 TO 2 STEF -1

LET EfL.43=ECL. 4 -ECI.30%EL{I+1.4)

HERT I
LET X1=F {12
LEY Y1=5GC13

Fog

LET
LET
LET EXI. 1J (ECT.3)-F2) 7 (E*+D12
LET ECE.2¥=F2-2

5 LET ECI.3)=F1-D1-D1*{E(I,4)+2%F2} 6

LET F2=E£(1.8)
LET EfI.<1=Y1
LET Hit=¥z

£ LET ¥i=v2Z

NEWT 1 _
DISP "INTERPULATION®

2 LET F4=8
4 FOR X=P1 T0 P2 STEF P3

LET Rd=F4+1
LET Z4=Fr1]
LET ¥1=Gr11

2 LET Fa=1

LET F2=FZ+1
LET X2=sF{F2}
Y2=GLFZ2
IF £X1-%14(X-X215>=8 THEHM 172

IF LE1-X2%{X-X21{>@ THEN 132
IF B{XX1 THEN 182

LET Oipal=x4

LET FIFs3=Y1

P GRTO tas

LET O{P&l =52
LET FP{Pa)=%2
GOTO 144

LET 0OFfF41=
LET F1=¥-K1

2 LET PIPSI=FNEIF1,F2]

azog
a2ps8
B214

NEXT X
FHEMND

2 DEF FHMECF1,F23T1.1

LET TH=ECFZ. 13
FiiE I=1 70 3 STEF 1
LET TH=T1#F 1+E(F 2, [+1)
NEXT I

LET FH#=T1

FNEND

EMD OF LISTING
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4.76

Rl
-
L]
]

M
aasa . HEN £8
fEES FRIMT “T20 MUCH DATA. OHLY FIRST 158 FT.S USERY
auave LET M=15A
QEZE PRIMT TABLZG). "LIST 0OF DRTA POINMTS"
ga93 PRINT
8128 FOR I=1 7O M STEP 1

8118 FEAD A, F 1T, GLI0 .0

6128 PRINY FCID.GII3

B138 HEAT I

G148 DISP "ENTER 2ND GER, AT B0TH ENDS™;
@133 INFUT E£1.£3

9158 DIZF “INT.POINT=1,TABLE=2";

@178 IHFUT R

a13a9 0N R GATO 134,228

#1393 DISP "ENTER X-URLIIE™:

a6zag INFUT F1

8218 IF [(C-F1J*(P1-DJ>=& THEN 254

8228 PRINT “x=";P1; " 0UTSIDE THE INTERUAL"
8238 PRINT

B243 GOTO 8@

Q258 LET PZ=FP1

BZED LET PI=1

B2TH LOTQ 372

8288 LISF "EMTER START.END & INCR>™;

g2Z90 IMPUT P1.PZ2.F2

w380 IF f0-P13 «{P4-DI<0 THEN 328

4718 IF (C-PZY&(FZ-DI) =0 THEHN 340

@Il FREINT "TABLEY:P%:"-",F2,“0OUTSIDE THE INTERURL™
@338 GOTO 230

Q256 IF F3:0 THEM 278

G358 PRINT "INCRENEMT <=4 :';F3

BIea GOTO 234@

BEITE PREINT

azga DIZP “COEFF. TO CRLCULATE:YES=1,NO=8";

J

FRINT FOI-1) . ECL, 10, EQL.2),ECL, 30, ELL.4]
HEXKT 1

PRINT
FRINT TRE(262;"INTERPOLATION®
PRINT " K, v
FRINT

FOR I=1 TO P4 STEP 1

FRINT OCIX.PCID

HEXT I

DIZF "HMOTHER INTER, =1,H0=8":
IHFIT =1

O B4+1 GCTO 29395, 164

EfG 8F LISTING

a33a INFUT £
@460 LEY Y=FNIN, E1,E9. 63

A48 ON v+l BOTO 440,558,449

2428 PRINT “EFROR-ELEMENTS HOT IN ORGER™

@438 GOTO 9359

@453 IF £=8 THEN 518

@452 FRINT TRE(28);"SPLINE COEFFICIENTS (IN DESCENDING ORDER) "
BSEE PRIMT TAB (2B 5 oo oo oo e e el
@47H FRINT ™ o @, R, £, pr=vyv

9439 FOR I=2 70 4 STEP 1

*SLCSPL
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11 e

[
>0y
[

RN
#twk FORMALLY CORFECT PROGRAN btk
LIST OF DATR POINTS

a a

1 1

2 4

2 g

4 18

3 235

g I&

7 49
ENTER ZMD DER. AT S0TH ENDS?
8.2

INT.POINT=4.TABLE=27
1

EMTER X-UOLUE?

3
COEFF. TO CALCULRTE:YES=1,HO=g?
1

CALCULATION NF COEFFIGCIENTS

INTERPOLATION
SFLINE COEFFICTIEMTS
A
A
1 .
el 3 27
3 -2, 1240 3 (I ]
4 2.1736556E-a3 L9348
5 -5, VI254094E-04 1,06t
] 1.1458219E-a4 L3898
INTERFPOLATION
n Y
5 « 351586365

AMOTHER IMTER, =1,HD=8@7

&

RN
LIZT OF DRATA POINTS

5} a

1 1

2 4

3 9

4 16

3 25

5 26

I <3

ENTER 2HD DER. AT BOTH EMDS?
INT.POINT=1, TRAELE=2"

1

ENTER ®-UpLUE?

=3

COEFF. TO CALCYLATE ! YES=1,MNO=@7
1

3973570 G
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CHLOULQTION OF COEFFICTIENTS
IMTERPOLATION
SPLINHE COCFFICIEMTS OIN DEZCEMDIMG DRIERY

A 5 N Li=y3
H & 1 E a
1 -1, 1 Z !
z 1, 1. 5 5
z -1, 1 £ E
4 1. 1, 600038 = 16
5 Al 1 13 5
[ 5l 1 1z IR
INTERFOLATTON
Y
-] .25
EMOTHER IMTER. =1.MI=G7

- 4 .
INT.POINT=1, THELE=27

EHTER START, EMD & INCR>?
2:0EB..5

COEFF. Ta CQLCULQTE'TES=1,HD:B7.
5]

CALCULATION oF CODFFICIENTS
INTERFPOLRTION

IHTERFPOLATIOH

LA, T S ANV Y S )
o

AMOTHER THTER,
@

References
1)} Numerical Method - Robert Hormbeck - Quantum Publishers, 1075, pp. 47-50.

2) Spline Functions, Interpolation and Numerical Quadrature - T.N.E. Greville

Mathematical Methods for Digital Computers, Vol. IIL, John Wiley, 1067, pp. L56-168.
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A, INSTALLATICGN AND MAINTENANCE

The P6060 Scientific Subroutine Library - Part IT - Numerical Analysis - will ordinarily
be supplied to you in the form of a user disk which can be found in a plastic holder in-
serted into the Programmer's Guide. No installation is required.

Tn order to be able to incorporate one o? more 3S5L routines into a user program, be sure
that a cusrent release of the P606O operating system is present on a system disk inserted
into one drive of the floppy disk unit; then insert the SSL user disk into the other drive

and follow the procedure described in the Introduction.

Obtaining a File Catalog for the SSL Library

After making certain that the machinepower is on, that the proper disk are inserted into
the system, and that the méssage READY appears in the visual display, enfer the system com
mand CAT ¥ U, *, , F followed by End-of-Line.

The CAT ALOG command may be entered any time the system is in Command‘Mode.

The result should be the listing shown below, Use this catalog listing to verify that your

copy of the S8L disk is correct,
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CAYT U, =, F

FrLy TYRE CREAT  LRST HOD MRK SIZE USel 3IZE CODRE HURBER
SLATHZ T 7E 2 Sz M22B8261
SLCopy) T 7h 4 3o MZ22gdzad
T VR ) 2 512 Z2id1
T iTR g I jeac e 84
T 176 AZ4176 £448 ]
T 1TV E az1ive Exl e 35t M2288281
T 221178 BZITE S48 B M2ZHR281
T g2117s BZ1176 54z 512 Mzze0ze1
St T B314F6 221176 S Ead MZzRaz2a1
SLCCod T R281i7E FRi147E &48 A Hz2a0201
SLCSIH T BR11FE BE1176 £48 £ad MZZE0281
SLCEnz T BE1i7E G31176 512 Sz MIZBR2e1
SLCRZ T BE14VE 221176 ja= 1 84 HZZRE231
SLPLYF T 351175 3 I I Y 1503 1482 MZ2R02a1
SLFTRE T 221176 BE1176 1284 1283 M22g8281
SLLAGE 7 AZ1178 A3117E T ef [ MZ2ZBR 281
SLFQUD 7 e I = B21176 1152 1152 H2ZeR281
AL LA T R3117E A3117E 3229 3323 Mz2z2aa281
sLHLLs 1 BE44TE B2117E TLIE ¥5502 M2260261
SLPRPE T GIiETE & 2334 2384 Mz220432681
SLFSYT T #3176 =} 2354 2944 H2Z2oE2e
SLCEOR T B2117E & Si2 542 M22oB2Eq
SLEZLZ T 221176 B o1z 51% M2Z2B0281
SLCZR T 231176 512 512 M22en2a1
SLEZH T RE{4ATE 543 548 M270R2a1
sLGaMA T 154976 549 Eaid 3
SLGHTP T a21178 512 542 !
SLOHYE 7 AZ117E 512 512 M22E02@1
LSLEMF T 212376 512 512 2ZERze1
SLCF T 1514876 512 512 a1
SLEF T 151m78 512 512 MzTen28
SLELF T B3 5 312 512 HZ2a3281
ZLERF T 233 £ 512 512 MzZazen
SLEEL T a5 & 512 512 M22RN26H1
SLEDR T RIS ) 512 S12
SLEME T [ =) S12 512
SLIMN T [E2= = £52 [
5 E ¥ ATAYTE 5 et £
SEBES1 T 218976 % E5d 2R
SEIGAM T 151875 3 91z 512 :
Seilay 7T B 147E Vi I 512 HZZ2aaza
SLFOUR T 151876 76 =2 2845 M22eacs8
SLFRER T gotive 7E 512 !
FLED T 1T 7L 51z
SLELRDT 175 TE 42 .
SLPLER T 176 ViR g4 a4 ]
SLLtacs T IVE 3=l 512 512 H22ag2at
SLHME T 176 - 312 512 MZZBaz31
SLEINF T 175 TE ZE4 225 MHZZEAZ8 4
SLHEHR T 176 = 12 512 M22EE2a 1
SLEIF T 476 76 512 512 M228a281
SECIHE T 176 = 512 MZZBO261
SLLEST T 176 ) 12 ;
= e T 17h 75 542
H t1EE ] ToE
T 17E vE 512
b=t iTE - 32 M22EB28
T 176 e Epesic] MZZ2ER281
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B. CUSTOMIZATION

The routines of PE06O Scientific Subroutine Library are stored as text files in the Paclkacge
Library. The library is not protected against addition of new files, and the files are not
sgcured. 7
The user can list each routine and, taking into account the information provided in the
documentation, modify the routine when necessary to better suit the problem, and replace
the standard version with the modified one.

The user can also save a different version of the routine together with the standard one,
or save new routines built by himself.

For the procedure for modifying and replacing standard routines or for entering and saving
new routines refer to the P6060 Reference Manual, remembering that the routines must be
stored as text files and have a format of user defined function, starting with a DEF FN

(letter) statement and ending with FNEND statement.
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Error Messages

PROGRAM program-name READY TO RUN

that your program has been successfully pre-executed,
by the PREPARE command.

Informational messages require no response.

These messages identify errors resulting from the use
of P6060 commands, utility programs, or BASIC state-
ments. The types of error they identify fall into
three categories: syntax, pre-execution, and execu-
tion.

1. Syntéx Errors: errors in command or BASIC state-
ment structure (e.g., erroneous punctuation)

2. Pre-execution Errors: errors that prevent the

start of execution (e.g., invalid nesting, missing
END statement, etc.)

3. Execution FErrors: errors detected during the exe-

cution of a program (e.g., division by zero, dis-
crepancy between argument and operand, improper
subscript values, etc.)

The system detects syntax errors as you enter each
statement or command and allows you, after you press
Gﬁgﬂ , to take immediate corrective action. The
system detects pre-execution errors after you issue a
PREPARE or RUN command. After notifying you of all

‘such errors, the system switches to ccmmand mode,

permitting you to make all necessary corrections.

The system detects execution errors after you issue a
RUN or START command or, if pre-execution has been
successful, a PREPARE command. xecution errors are
either recoveréble,or'nonrecoverable.

Recoverable errors are those that can be corrected

during the execution phase. When a recoverable error
is detected, the system interrupts program execution,
issues a warning message, and switches to debug mode.
Most recoverable errors relate to invalid variable
values. In these cases, the system makes an assump-
tion for the value. To give two examples, if an at-
tempt was made to assign the square root of a negative
number to a variable, the system assumes the square
root of its absolute value; if a numeric variable has
rot been initialized, the system assumes a value of

3973570 G
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zero. At the time the interruption takes place, the
variable is given that value. Because you are in debug
mode, you have the option of changing the value assum-
ed by the system or of accepting it. In both these
cases, you can then restart execution by pressing
r:button. You may also choose

either the [sir] or @0
to terminate execution, by pressing the - button.
After il

ity 1s pressed, the system switches to com—
mand mode. Yeu can then edit your program as desired.

Nonrecoverable errors are those that cannctbe correct—
ed during the execution phdse When a nonrecoverable

error is detected, the button lights, the system

suspends program execution, issues a diagnostic mes-
sage, and allows you to check the current values of
the variables in your program and use calculator-mode
facilities —— as you would in debug mode. However, in
the case of a nonrecoverahle error, you cannot use
the other Teatures of debug mode: the START command,
the [l button, or the FFFH button. After a nonre-
coverable error occurs, youhmust press the T3 but-

ton to terminate the execution of your program. { [y
can be pressed.either before or after checking the con-
tents of the varlables in your program —-— hut it must

be pressed.) After is pressed, the system enters

command mode so that the necessary corrections may be
made.

A numeric code identifies each error message. In the
case of pre-execution and execution errors, the cogde
is followed by an identification of the line in which
the error was made {(for example, ERROR 6 IN LINE 155).
The section that follows lists each code and explains
the condition or conditions that caused the error.
Codes 1 - 13 refer to recoverable errors detected
during execution; 40 - 55 to errcrs that may occur
during the pre-execution phase; 65 - 97 t¢ nonrecov—
erable execution errors. Codes 100 -~ 128 refer to er-
rors detected during the entry of a BASIC program or
the compilation of a text file. Codes 151 -~ 156 relate
to errors that may occur during an access operation
to a floppy disk. Errors that may occur during the
entry or execution of a system command are identified
by codes 181 - 216. Codes 232 - 235 refer to utility
programs and c¢ommands. The final section, abnormal
termination errors, lists errors that can occur from
operational malfunctions.



ERROR MESSAGES

Error Code

Explanation

10

11

Either a numeric or string variable has not been
initialized. The system assumes zero for a numeric’
variable; 'null string” for a string variable. '

The value of an argument in a built-in string function
is not valid. The value returned by the function will
vary according to the function specified. (See the
section on built-in functions in chapter 4 for addi-
tional informatien.)

Numeric overflow. The system assumes the maximum val-
ue permitted by internal representation, with the ap-
propriate sign. ’

Numeric underflow. The system assumes zero.

An attempt was made to calculate the sqguare root of a
negative number. The system assumes the square root
of its absolute value.

A chaining operation generates a string longer than
1023 characters. The string is truncated after the
first 1023 characters,

String overflow during the assignment of a string
value to a string variable. The string is truncated
at the allocation length of the variable to which it
is assigned. :

An attempt was made to calculate the logarithm of_a.

negative number. The system assumes the logarithm of
its absolute value. - S

An attempt was made to calculate the logarithm of ze-
ro. The system assumes -9.999999999999E+99.

An attempt was made to raise a negative number to the
power of a non-integer value, The absolute value of
the number is assumed and is raised to the specified
power.

Recoverable errors that can
of 2)

occur during the execution of a BASIC program (part 1

9]
I
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ERROR MESSAGES

Error Code

Explanation

12

13

An attempt was made to raise zero to the power of a
negative number. The system assumes
+9.999999999999E+99,

An attempt was made to calculate the inverse of =z
matrix whose determinant is zerc. The result of the
operation isg unpredictable.

Recoverable errors that can
of 2)

occur during the execution of a BASIC program (part 2

Error Code

Explanation

40

41

42

43

44

A branch specified in one of the following statements
is invalid:

GOSUB
GOTO
IF...THEN
MAT...READ:
MAT...WRITE:
ON...GOSUB
ON...GOTO
READ:

WRITE ;

For complete specification information, see the ex—
planation of the statement in error (ChapterVS).

NEXT not preceded by FOR or invalid nésting,of two
FOR/NEXT loops. :

A multi-line function dgfinition_confains a multi-line
function definition. :

There is a reference to a function that has not been
defined, ’

The maximum number of FOR/NEXT nesting levels permit—
ted in a FOR/NEXT loop (15) has been exceeded.

Errors that can cccur during the pre-executicn of a BASIC program {part 1 of 2)
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ERROR MESSAGES

Error Ccde

Explanation

45

46

48

49

50

51

52

53

54

55

Use of FN* or FN*$ or FNEND outside a multi-line func-—
tion definition or use of FN¥* within a string multi-
line function definition or use of FN*$ within a nu-
meric multi-iine function definition.

Two nested FOR/NEXT loops use the same control vari-
able.

FOR statement used with no matching NEXT.

A multi-line function definition lacks an FNEND
statement.

A one~ and two-dimensional array have the same name.

An END statement appearing in a program is not the
last statement.

Missing END statement.

An attempt has been made to pre-execute a program
that contains errors detected during execution of a
COMPILE command, but not corrected.

A multi-line function definition lacks an FN* or FN*%
statement.

Lack of an Image statement that corresponds to a
PRINT USING, DISP USING, MAT PRINT USING, or BUILD
USTNG statement.

A STOP statement has been used in a multi-line func—

tion definition,

Errors that can occur during the pre-execution of a BASIC program (part 2 of 2)

C.6
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ERROR MESSAGES

Error Code Explanation

65 No space is available in user memory to continue ex—
ecution. After this error is encountered, the system
switches to command mode.

66 The subscript of an array variable is invalid.

&7 The operation requested would produce invalid new
allocation dimensions for the specified matrix.

68 A RUN line-num or START line-num command has been
used to begin execution in the middle of a FOR/NEXT
loop.

69 The argument specified in a reference to a user de-

fined function does not correspond to the type of
parameter of the function.

70 RETURN statement used without GOSUB or an invalid
reference has been made to a statement within a multi-
line function definition.

71 An attempt has been made to assign more than 238 chapr--
acters to the function keys.

72 The number of arguments specified in a reference to
a user defined function does not match the number of
parameters of the function.

73 The actual dimensions of a matrix do not permit the
operation requested.

74 The maximum number of references to other single~ or
multi-line function definitions within a single- or
multi~line function definition (256) has been ex-
ceeded.

75 Either matrix or string processing is requested, but
the required OPTIONS command has not been entered at
system initialization time.

Nonrecoverable errors that can occur during the execution of a BASIC program
(part 1 of 3)
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ERROR MESSAGES

Error Code

Explanation

76

77

78

8O

82

&4

85

86

87

88

An attempt has been made to open a file which, during
a preceding execution of the program, has not been
closed. (To close the file, use the VALIDATE command.)

The file designator is either less than one or great-
er than the maximum number of the files that can be
opened by the program at one time.

The operation requested for the specified file is
invalid.

The value specified as the word number in a SETW:
statement is greater than the number of words that
the file can contain.

The requested operation is not compatible with the
size of the file,

The EOF option has not been specified and, after

the end of the file has been reached, a read operation
requests additional data or a write operation attempts
to continue writing.

The numeric expression specified as the argument of
a TAB function has been evaluated as less than 1.

An attempt has been made to assign a string value to
a numeric variable.

In a BBUILD statement, the allocation length of the
specified string variable is not sufficient to allow
the assignement of all the data resulting from the
evaluation of its expressions.

Either a READ statement has requested additional
data and the program's internal file contains no
more data or, for an ASSIGN statement, the number
of data items resulting from the evaluation of the
string expression is less than the number of varia-
bles to which they must be assigned.

Nonrecoverable errors that can occur during the execution of a BASIC program

{part 2 of 3)
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ERROR MESSAGES -

Error Code

Explanation

83

90

91

92

93

96

a7

The image field is invalid for data specified in =
BUILD USING, DISP USING, MAT PRINT USING, or PRINT
USING statement.

An attempt has been made to convert a value greater
than 255 or less than ¢ into an ISO character.

In a CONVERT statement, the numeric expression as-
signed as the value of the LENGTH operand has been
evaluated as negative,

Invalid file name specified in a CHAIN statement.
In a BASSIGN, MAT READ:, or READ: statement, an at-
tempt has been made to assign a string value to a

numeric variable or vice versa.

The value specified as the word number in a SETW:
statement is less than or equal to zero.

A SCRATCH: or APPEND: statement refers to a random
file,

Nonrecoverable errors that can occur during the execution of a BASIC progran

{part 3 of 3)
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ERROR MESSAGES

Error Code Explanation
100 Only a line number has been épecified.
101 Invalid line number.
102 Invalid keyword.
103 Invalid operand,.
104 Invalid expression.
105 Type discrepancy between operand and operator;
106 The arguments specified in a reference to a function

are wrong either in number or type.

107 Invalid file name,
109 Non-interpretable syntax error.
110 The functicon being defined has already been defined

in another DEF statement.

111 An attempt has been made to cross—reference more
than 255 lines.

112 The number of numeric or string variables previously
referred to in the program is the maximum permitted.

113 Invalid character. (This error may occur in the case
of unbalanced parentheses,)

114 Recursive definition in a single-line user-defined
function.

115 Invalid reference to a variable or function.

117 No space iz available in user memory to accept the

keyboard entry.

118 The preogram already contains a FILES statement.

Errors that can occur when entering a program or compiling a text file or in
calculator mode (part 1 of 2}
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ERRCR MESSAGES

Error Code

Explanation

119

120

128

The number of functions that can be defined or re-
defined in a program is currently at its maximum,

The line number referred to does not exist in the
program, '

Too many operations have been attempted in a single
statement,

Errors that can occur when entering a program or compiling a text file or in
calculator mode (part 2 of 2) '

Error Code

Explanation

151

- 152

156

Operational problem on floppy disk drivé 1 (upper
drive),

Operational problem on Tloppy disk drive 2 (lower
drive),

There is no system floppy disk in the unit.

Errors that can occur in access to a floppy disk

Error Code

Explanation

181

182

183

184,

185

Insufficient nemory to execute the requested operation.

The 1ine number option { # ) specified in a TRANSCODE
statement is invalid for the requested operation.

No space has been allocated for the specified library.
The user floppy disk has not been initialized or ref-
eérence has been made to a user floppy disk when none

is in the drive.

The system floppy disk has not been initialized to
contain an application library,

Errors that can oeccur during
of 3)

the entry or execution of a system command (part 1

3973570 G




ERROR MESSAGES

Error Code

Explanation

186

187

188

189
190
191
192
193
194

195

196

197

198

199

200

201

The specified file name duplicates the name of an
existing file.

A specified file cannot be found.’

Insufficient spéce available on the floppy disk or
in the specified library fer the requested coperation,

Invalid attempt to decrease the size of a file.

The command is not recognized.

No file name specified.

Invalid character specified.

A required operand has not been specified.

Specified line number cannot be found.

An attempt has been made to use the START command

for a program that was previously stored without pre-
execution.

Invalid operand.

The line number specified in a START command is part
of a multi-line function definition.

The space requested exceeds the space available.

The requested operation is not accepted for a protect-
ed program.

The requested operation is not accepted for a protect-
ed library.

The requested operation requires a double floppy disk
unit. ' '

Errors that can occur during the entry or execution of a system command (part 2

of 3)

C.12
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Error Code Explanation

202 The requested operation is valid only for systems
having a printer.

203 The first line number specified is greater than the
secorid line number.

205 The requested operation is invalid for a protected
line.

206 The file present in main memory is not a programnm.

207 The requested operation is invalid for the file type.

208 , The option specified is nqt available with the system.

209 A line number greater than 9999 has been generated.

210 The X option is invalid for a program.

211 There is no program or file in main memory.

212 The line or lines to be printed do not exist.

213 The length of the line prevents its listing, display,

or the compilation.

214 Attempt to link a multi-line function definition that
' has no DEF statement.

216 A program for which the compilation has been specified
contains a branch to a line number that does not exist,

Errors that can occur during the entry or execution of a system command (part 3
of 3)
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ERROR MESSAGES

Error Code

Explanation

232
234

235

The sum of ny + ny + ng is greater than 14.
The name of the utility program has been omitted.

Invalid utility program name.

Errors that can occur during the calling or execution of a utility program

Error Code

Explanation

an *
124 *
16A -*
ABN FD *

ABN FD**

ABN PRT

Main memory is damaged; its contents-has been deleted.

-The system floppy disk is damaged; the contents of
the disk are invalid. The contents of main memory are
deleted.

The upper drive of the floppy‘disk unit is not working
properly. {Check if the flap is closed.)

The lower drive of the floppy disk unit is not working
properly. {Check if the flap is closed.)

The integrated printer is not working properly. (Check
the position of the release lever.)

Abnormal termination errors

C.14

Note: Other error codes similar in form to those

listed above may be issued when the system encounters
an abnormal operational condition. In the case of such
errors, and of the ones above, pressing the Nl

button can sometimes correct the error condition. If

you press g3 and the READY message appears,
retry the operation that resulted in the error. If

READY fails to appear, try switching off the power,
waiting a few seconds, and switching the power back
on. If READY does not appear, contact your nearest

Olivetti technical representative.
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